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PREFACE. 



HK method of expansions, developed by Lagrange in liis 
I Hiiorie des FoncHons Anaiytxques, has been for many years 
I- ahnoet exclusiTely adopted in this University for the demon- 
I fltration of the formulEe of the differential calculus. The 
I great name of the originator of this system gave a certain 
I permanency to the method which probably it would not have 
I possessed had it emanated from one less iUusddous. Not to 
I insist upon the doubts which have been thrown by several 
L recent writers on the validity of conclusions deduced from 
rthe comparison of infinite aeries, it is certain that the absence 
I of any notion of limits in the algebraical theory of derived 
I functions, gives rise to an entire want of homogeneity between 
r its fundamental conceptions and those which present themselves 
I in its most interesting applications. Within the last few years 
:ndeavour to re-estabhsb the system of limits, has been 
I made by several elementary writers in France, among whom 
? may be mentioned Moigno, Duhamel, and Cournot, and 
[ by Professors De Morgan and O'Brien in England. From 
[ my own strong conviction of the marked advantage which 
i the method of limits possesses over that of derived functions, 
I both abstractedly and in its applications, and, trusting to the 
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valuable opinion of many writers of the present day on 
the comparative merits of the two systems, I have been 
induced to enter upon this treatise. My object has been to 
present to the English student a work from which he may 
acquire a thorough and systematic knowledge of the abstract 
theory of limits, and of its applications to certain branches 
of coordinate geometry. How fax I may have succeeded in 
this attempt, and of the liability to failure in a work of such 
a nature I am fully sensible, will be determined by the 
judgment of the reader. 

In the composition of this work, which was commenced in 
the April of this year, I have derived great assistance from 
Moigno's Legons de Calctd Diff&rentiel et de Calcul Intigraly 
Duhamel's Cours d^ Analyse, and Cournot's Thiorie des Fonc- 
tions : from the last of which treatises I have made considerable 
extracts in Chapter VII. on the Development of Functions. 

Camhidyey November^ 1845, 



CONTENTS. 



FIRST PART. 



CHAPTER I. 
Functions, 

Article P«g« 

1-9 Functions ...... 1 



CHAPTER 11. 
Principles of Differentiation. 

10 Definition of a differential coefficient ... 6 

1 1 Differentiation of a constant . . . .7 

12 Differentiation of the sum of a function and a constant . 8 

13 Differentiation of the product of a function and a constant . — 

14 Differentiation of a sum of functions . . .9 

15 Differentiation of the product of two functions . — 

16 Differentiation of the ratio of two functions . 10 

1 7 Differentiation of the product of any number of functions . 1 1 

18 Relation between inverse differential coefficients . . — 

19 Differentiation of a function of a function . . .12 

20 Differentiation of a function of two functions . . — 

21 Differentiation of a function of any number of functions of a 

single variable . . . . . .15 

22 Differentiation of an implicit function of a single variable . 17 

23 General theory of the differentiation of implicit functions of a 

single variable . . . 18 

24 Total differentiation of a function of functions of independent 

variables . . . . .19 



VI 

Article 

25 



26 

27 

28 

29 
30 
31 
32 
33 
34 
35 
36 
37 
3d 
39 
40 
41 
42 
43 
44 
45 
45' 



CONTENTS. 

Partial differentiation of an explicit function of three variables, 

one of which is a function of the other two . 
Partial differentiation of an explicit function of n + r variables, 

r independent and n dependent 
Partial differentiation of an implicit function of two independent 

variables ..... 
Partial differentiation of implicit functions of any number of 

independent variables 
Simple functions 
Differential coefficient of a:" . 
Differential coefficient of log^ x 
Differential coefficient of a* . 
Differential coefficient of sin x 
Differential coefficient of cos x 
Differential coefficient of tan x 
Differen^hd coefficient of cot x 
Differential coefficient of sec x 
Differential coefficient of cosec x 
Differential coefficient of sin'^x 
Differential coefficient of cos'^o: 
Differential coefficient of \Avr^x 
Differential coefficient of cot'^o: 
Differential coefficient of sector 
Differential coefficient of cosec^ar 
Differentiation of simple functions of y with regard to x 
Illustrative examples .... 



Page 

21 
22 
23 

25 

26 
28 
29 

30 

31 

32 
33 

34 

35 

37 



CHAPTER III. 
Successive Differentiation, 

46 Theory of the independent variable . * . . .44 

47 Change of the independent variable ... 46 

48 Order of partial differentiations indifferent . . .50 

49 Successive differentiation of an explicit function of two func- 

tions of a single variable .... 52 

50 Successive differentiation of an implicit function of a single 

variable . . . . .55 

5 1 Successive total differentials .... 57 

52 Successive differentiation of an explicit function of three vari. 

ables, one of which is a function of the other two . 58 

53 Change of variables ..... 60 

54 Transformation of one system of independent variables into 

another . . . . . • .61 





^r CONTENTS. 


■ 


1 




r CHAPTER IV. 




■ 








■ 


^^H 55 


Elimination of constanta ..... 


67 




^^V 5fi 




68 


^H 


^^H ^^ 


Elimination of irrational, logaritliinic, exponential, and circular 




^H 




functions of Lnown functions 


69 


^H 


^^^Ew, 59 Elimination of an arbitrary function of a known function 


72 


^^ 


^H^ BO 


Elimination of any number of arbitrary functions of known 








functions ...... 


74 




^^K 61 


Elimination of arbitrary functions of unknown functions 


77 




^H 62 


Elimination of arbitrary functions when the number of indepen- 








dent variables exceeds two .... 


81 






CH.^PTEK V. 








Eualuation of Indeterminate Functions. 






^H 63 


Indetenninsteness of explicit functioi^ of a single variable 


84 




^^B 64 




89 




^H £5 


Failure of the method of dilferenEials for the evaluatiuu of In. 








determinate functions ..... 


92 




^H 66 


Evaluation of indeterminate functions of several independent 








variables ...... 


93 




^H 67 


Maxima and minima. 


e97 




^H 




99 




^^B 69 


Lemma 


_ 




^H 70 


Rule for finding maxima and minima 


J 00 




^H ^' 




102 




^H ^^ 


Alternation of maxima and minima .... 


103 




^H 73 


Modified method of finding maxima and minima . 


104 




^H 74 


Abbreviation of operation ..... 


107 




^H ^^ 


Maxima and, minima of implicit functions of a single variable 


108 




^H 76 


Maxima and rainina of a function of a function 


112 




^V 77,78 


Maxima and minima of a function of two independent variables 


114 




^v 










variables ..... 


119 




^H 80 


Maxima and minima corresponding to indeterminate differential 








coefficients . . , . . 


120 




^H 81 


Application of indeterminate multipliers to problems of maxima 








and minima .... 


122 


^ 



H 


CONTEXTS. H 
CHAPTER VIl. 


1 






PM> ^1 


^H 


Taylor's theorem ..... 


128 ^H 


^H 


Another demonstration of Taylor's theorem 


133 ^1 


^1 


Cauchy'a expresaion for Rr . 


134 ^H 


V 


Esampleg of Taylor's theorem 


1311 ^1 


^ 87,88 


Faaure of Taylor's theorem .... 




89 


Lagrange's theory of Functions . 


137 


91) 


Stirling's theorem ..... 


140 


91 


Examples of the applicBlinii of Stirling's theorem 


14! 


92 


Estensioti of Taylor's theorem to functions of two variables 


146 


93 


Failure of the development of /(a-;- A. y+ k) by Taylor's theoren 


} 149 


94 


Limits and remainders of the developniAt otf{x ^ h, y a k) 


^ 


95 




s 150 


96 


Stirling's theorem applied to functions of two variables 


151 


97 


Lagrange's formula for the development of implicit functions 


162 


99 


Laplace's formula for the development of implicit functions 


J 




SECOND PART. 


1 




Tangmcy. 


1 


99 


DeSnition of a tangent and of a normal 


.5, ■ 


100 


Inclinations of the tangent and the normal at any point of s 


■ 




curve to the coordinate axes 


160 ■ 


101 


Equations to the tangent and the normal at any point of e 


m 

162 


102 


Distance of the origin of coordinates from the tanpenl 


164 


103 


Intercepts of the tangent 


165 


104 




^ 


105 


Length of the tangent 


l»6 M 


106 


Normal and subnormal .... 




107 


Form of the equation to the tangent to curves of which the 


~ 1 




equations involve only rational functions of x and y 




k 


Oblique axes ..... 


168 ^1 



CONTENTS. IX 

CHAPTER II. 
Asymptotes. 

Article Page 

109 Definition of an asymptote. Method of finding asymptotes 170 
110,111 Asymptotes of algebraic curves . . .171 

112 Examples of asymptotes . . . 173 

113 Algebraical method of finding curvilinear and rectilinear 

asymptotes . . . .175 

CHAPTER III. 
Multiple Points^ Conjugate Points, Cusps, 8fc. 

114 Definition of multiple points, conjugate points, and cusps 1/8 

1 15 Analytical property of multiple points in algebraical curves 179 

116 Analytical property of cusps in algebraical curves . 181 

117 Analytical property of conjugate points in algebraical curves — 

118 Determination of the multiplicity and of the directions of the 

tangents at a multiple point . . 182 

119 Multiplicity of a multiple point at the origin . . 185 

120 Point of osculation . . . . 186 

121 Remark on the theory of multiple points . ,187 

122 Points d'arret or points de rupture . . 189 

123 Points saillants . . . . . — 

124 Branches pointillees . . . . 191 

CHAPTER IV. 
Concavity and Convexity of Curves and Points of Inflection. 

125 Conditions for concavity and convexity . . 192 

126 Condition for a point of inflection . • . ,194 

127 Symmetrical investigation of points of inflection . 197 

CHAPTER V. 

On the Index of Curvature, the Radius of Curvature, and the Centre 

of Curvature, of a Plane Curve, 

128 Index of curvature ...... 203 

129 Radius and centre of curvature .... — 

130 Expression for p when x is the independent variable . 204 

131 Expressions for /o when « is the independent variable . 206 

132 Expression for p in terms of dx, dy, d*x, d'y . . 207 

1 33 Expression for p in terms of partial differential coefficients — 

134 Another method of finding the radius of curvature • 209 



X CONTENTS. 

CHAPTER VI. 

Analytical Determination of the Centre of Curvature. Theory of Evolutes 

and Involutes. 

Article Page 

135 Determination of the coordinates of the centre of curvature 210 

136 Formulas for the coordinates of the centre of curvature in 

terms of partial differential coefficients oi u . 211 

137 Locus of the centre of curvature . . . 212 

138 The normal at any point of the involute a tangent at the 

corresponding point of the evolute . . .213 

139 Generation of the involute by the end of a thread unwound 

from the evolute . . . . 214 

140 To find the length of any arc of the evolute of a curve 215 



CHAPTER VII. 
Contact of Curves. 

141 Definition of order of contact .... 217 

142 The higher the order of contact, the closer the contact « 218 

143 Order of contact dependent upon the number of parameters — 

144 When the radius of curvature is a maximum or a minimum, 

the contact is of the third order . . . 221 



CHAPTER VIII. 
Envelops, 

145 Case of a single parameter ..... 223 

146 General case of any number of parameters . . 226 

147 Intersection of consecutive normals to a curve . . 230 



CHAPTER IX. 
Differentials of Areas^ Volumes, Arcs, and Surfaces, 

148 Differential of an area . 231 

149 Differentia] of a volume of revolution . . 232 

150 Differential of an arc . . . — 

151 Differential of a surface of revolution . . 233 



CONTENTS. XI 

CHAPTER X. 
Curves referred to Polar Coordinates, 

Article Page 

152 Tangency ...... 235 

153 Differential of an area ..... 237 

154 Diagram of differentials . . . . ' 238 

155 Radius of curvature in terms of r and p . . . — 

156 Chord of curvature through the pole . . 239 

157 Radius of curvature in terms of r and B . . , — 

158 Evolutes of polar curves .... 240 

159 Asymptotes . . . . .24 

160 Asymptotic circles ..... 243 

161 Conditions for the concavity and convexity of the curve 

towards the pole and for points of inflection • . — 



CHAPTER XI. 
On the Methods of tracing the forms of Curves from their Equations. 

162 General principles and examples . 245 

163 Homogeneous curves , . . . , 257 

164 The cycloid ...... 259 

165 Tangent and normal to the cycloid . . . 260 

166 Arc of the cycloid . . . . . 26 1 

167 Radius of curvature of the cycloid . . . . _ 

168 Evolute of the cycloid ..... 262 



ERRATA. 

Page line Error Correction. 

65 7 from bottom <t> r 

93 1 ««» a*"* 

— 7 from bottom f(x, y) + A F{x, y) f(x, y) + A/(a:, y) 

112 13 „ y r 

130 5 A*- hv 

141 4 22- i2r 

144 7 from bottom /'(O) /(O) 

l\ J- (h- k-^* 

dy) 1.2.3 V e^a;^ ^^ 

9 from bottom £*'**<'» e'^x^y 



M'i''-^ -^'-'' 



242 3 - -^ -= a 



r*de t^de 



= - a 



dr dr 

6 negative positive 

7 positive negative 

17 iaG* -Ja0» 

18 V = ^ a V = - i a 
18 t? = -^a t? = Ja 



DIFFERENTIAL CALCULUS. 



FIRST PART. 
GENERAL PRINCIPLES AND ANALYTICAL APPLICATIONS. 



CHAPTER I. 



FUNCTIONS. 



1. If any two quantities are so connected that any variation 
in the magnitude of the one impKes a corresponding variation 
in the magnitude of the other, either of these quantities is said 
to be a function of the other. Such a connection is expressed 
algebraically by means of an equation involving the symbols of 
the two quantities and any other symbols of invariable magni- 
tudes. Thus X and y are functions the one of the other in 
the equation 

+ ^= 1 






or y = -(a'-3?)i (2), 

a 

where a and b are supposed to represent invariable magnitudes. 

2. If y be expressed direcUy in terms of ;r, as in (2), it is 
said to be an explicit function of xi if it be merely connected 

B 
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with a; by an unaolved equation, as in (1), it is said to be 
an implicit function of x. 

3. The connection between x and y may be expressed 
generally by an equation 

F{x,p) = f33, 

where F(x, y) denotes any expression whatever involving x, y, 
and constants. These constants are usually called parameters, 
a term borrowed from the theory of conic sections, where the 
word parameter is used to denote a certain fixed line. If we 
wish to represent in the most general manner that y is an 
explicit function of x, we may write 

y-ZW C4), 

fix) denoting any algebraical expression which involves x and 
parameters. The equation (4) is easily seen to be a particular 
form of the equation (3) ; for we may write it thus, 

y -fix) being merely a particular instance of the general form 

4. Functions may be termed matheTnaHcal or empirical; 
mathematical, if the fiinctionality is established by definition ; 

empirical, if discovered by observation. As an instance of the 
latter functionality, let y denote the attraction of the Sun upon 
the Earth, and x the distance between these two masses ; then 
it i« known by observation that 



ft, being a constant quantity : y is in this case an empirical 
function of x. 

5. A function f(x) is said to be continuous when, as x in- 
cieasea continuously, y fa:) passes continuously from one possible 
value to another through all intervening values : the function 
is said to be discontinuous whenever this condition is violated. 
Take for instance 



then, as z keeps increasing continuously from to a value 
a - h, where A is a positive quantity less than any assignable 
magnitude, it is plain that y also keeps continuously changing 

through every gradation of value from — to - <» : but when 

X changes from a - A to a + h, y leaps from - ao to + ao 
without passing through the intervening values. Thus we 
see that in this case y is generally a continuous function, 
but that it experiences a dissolution of continuity when x 
becomes equal to a. If we take 



y = 



, y assumes the value oo , yet this 



tlien, although, when 

value of x does not correspond to a discontinuous state of the 
function, since, as x passes from a - A to a + h, there is no 
gap in the range of values of y. 

6. Suppose y=/(x) to be the equation to a curve; then, 
. if the function fix) is continuous for a certain range of values 
of X, every two points of the locus will be joined by a con- 
tinuous curve : on the other hand, if there is a dissolution 
of continuity at any point, and if the function be possible 
before and after x has passed its critical value, there will be a 
gap between two points of the curve corresponding to con- 
secutive values of x. Thus, in the instance of the curve 
1 



I 



tiie asymptote, of which tlie equation is a: = a, is touched at 
opposite ends by the curve for two consecutive values of x, 
one greater and the other less than a by an indefinitely small 
magnitude. 

7. Functions of x, which are expressed by the ordinary signs 
of algebra and trigonometry, are usually continuous, if we 
disregard certain dissolutions of continuity corresponding to 
pecuhar and detached values of x. There are however excep- 
tions to this principle. For example, if 
y = (- af. 
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a being a positive quantity, it is plain that y will be imaginary 
whenever x is of the form 

2^ ' 

\ and /A being integers. Now between any two values of .r, 
however little they may differ from each other, we may inter- 
calate an infinite number of fractions of the above form. Thus 
wc see that it is impossible to join by a continuous curve two 
points of the locus of the equation, con'esponding to two 
systems of real values of x and y, however near they may 
be to each other. These anomalous functions are inapplicable 
to questions of natural philosophy, and have attracted but little 
attention even in pure analysis. In this treatise we shall direct 
our attention entirely to continuous functions. 

8. Functions are distinguished also by the names of alge- 
braical and transcendental. If y be connected with x by an 
equation involving only the ordinary operations of addition 
and subtraction, multiplication and division, evolution and 
involution of assigned degrees, y is said to he an aigebraic.al 
ftmction of x. If the equation of connection does not satisfy 
tJiis condition, involving for instance exponential, logarithmic, 
or. circular functions of x and y, then y is said to be a trans- 
cendental function of x. Thus, for examples, in the equations 



= 1. 



0^(fj= 



y is an algebraical function of x; and a transcendental one 
in the equations 

a* 4 /)" = c"', log {xy) = X + y, 

X siny + y einx = sin (xy). 
9. It frequently happens that, if 

F(x,y) = 
be the equation to a curve, y will for a certain value of x 
experience a dissolution of continuity by becoming impossible, 
although the curve is itself continuous at the point. Thus if 
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or y = ± 2m^a^, 

y will continuously vary from one value to another as x de- 
creases from any assigned positive value down to zero, but, 
the moment x becomes negative, y becomes impossible. The 
two branches corresponding to the double sign, each of which 
terminates abruptly at the origin, join together at this point 
and thus form a continuous curve. 
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CHAPTER 11. 



PRINCIPLES OF DIFFERENTIATION. 



SECTION I. GENERAL FUNCTIONS. 

Definition of a Differential Coefficient 

10. Let y be a certain function of Xy and let y be the 
value assumed by y when x becomes x. Then, as x' keeps 
continuously approaching to the value of x^ the fraction 

y' -y 

x' - X 

will continuously tend towards a certain value from which it 
will ultimately differ by a quantity less than any assignable 
magnitude, or, in other words, to which it will be ultimately 
equal. The indefinitely small values of the differences x' - x^ 
y' - y, are usually denoted by the symbols Sa:, 8y, and the 
ultimate value of the fraction 

X - X ex 

is ordinarily represented by 

dx* 

In this expression dx and dy are any quantities whatever, 
either finite or infinitesimal, which are in the ratio of the 

ultimate values of ^x and Sy. The fraction -J^ is called the 

^ dx 

differential coefficient of y with regard to a:, the quantities 

dx and dy being called the differentials of x and y. The 

object of the Differential Calculus is to investigate the pro- 
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perties of differentials and differential coefficients, and to de- 
velop the general principles of their appUcation to the theory 
of coordinate geometry and other branches of pure mathematics, 
and to the estimation of the phenomena of nature. 

Ex. Let y = a?i then y = x'^i whence 

y' - y = a;" - a;' = (x - x) (x'^ + x'x + a?), 

^ = a;" + x'x + x^. 

ox 

When x' approaches indefinitely near to x, the left-hand 

member of the equation becomes ~ , and the right-hand 

ax 

member assumes its limiting value Sa^ : thus 

ax 
or dy = Za^dxy 

that is, the differential coefficient of 3? with respect to a; is 3ic*, 
and its differential is Za^dx. 



Differentiation of a Constant. 

11. If y = c, where c denotes any constant quantity, that is, 
any quantity which does not experience variation in conse- 
quence of a variation in the value of Xy then 





ax 


For we have 


y^c, y ^c. 


whence 


Sy-y'-y-o, | = o. 



and therefore, proceeding to the limit, 

dy^_ 
dx 

or the differential coefficient of a constant quantity is always 
zero. 
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Differentiation of the Sum of a Function and a Constant. 

12. If u = y + Cy where y represents any function of x^ and 
c denotes a constant quantity, then 

du __ dy 
dx dx 

Let x'y y\ u y be simultaneous values of x^y^w^ then 

w = y + c, w' = y' + c, 

u' - u _y' - y Su ^Sy ^ ' 
x' - X x' " x^ Sx Sx' 

whence, proceeding to the limit, 

du dy 
dx dx' 

or the differential coefficient of the sum of a function and a 
constant is the same as that of the function alone. 



Differentiation of the Product of a Function and a Constant. 

13. If w = cy, where c represents a constant quantity and 

y a function of x ; then 

du _ dy 

dx dx ' 

Let x'y y' y u'y be simultaneous values of Xyy^u; then 

u = cyy u' ^ cy'y 
vl - u _ %/ ^ y Sw 8y 

and therefore, in the limit, 

du _ dy 
dx dx' 

or the differential coefficient of the product of a function and a 
constant is equal to the product of the constant and the dif- 
ferential coefficient of the function. 
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Differentiation of a Sum of Functions, 

14. If w = yi + y, + ys + + y«> yihere y^, y^y^,.... y., 

denote any functions whatever of x, then 

du dy dy dy dy^ 

I 

In fact, taking any simultaneous values x^ w', y\, y\y y'^ ... y'^, 
of a;, w, y^, y^ y^, ... y,, we have 

«* = yi + y2 + ya + — + y«> 

' w' = y\ + y',+ y'3+ .... + y',, 

whence ""l^ ^Vl^Zl, J^fV^ 

X - X X -X X -X X-X X -x 

and therefore, proceeding to the limit, 

^ = ^1 + ^2 + ^ + . . . + ^y« . 
c?a: dx dx dx *** (/a; ' 

Hence the differential coefficient of the sum of any number of 
functions is equal to the sum of the differential coefficients of 
the functions taken separately. 

Differentiation of the Product of two Functions. 

15. If w = y^y^9 where y^ and y^ are any functions of x, then 

du dy^ dy^ 

dx ^' dx ^' dx ' 
We have ai, m', y*,, y',, denoting simultaneous values of 

« = yiy2> «' = yi'ya'. 

«'- M - y\y\ - y^y^ = y. (y', - y,) + y, (y\ - y,) + Cy'. - yd (y', - yj. 

= Cy, + ^8y.)^» + (y, + %^^': 
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whence, proceeding to the limit, that is, equating Sx to zero, 
and therefore, y, and y^ being supposed to be continuous func- 
tions of X, putting also By^ and Sy^ each equal to zero, we have 



du 



,^^«%. 






' dx' 



* or du = y^ dy^ + y^ dy^ . 

Hence the differential coefficient of the product of two functions 
is equal to the sum of the products of each function multiplied 
by the differential coefficient of the other. 

Differentiation of the Ratio of two Functions, 



16. If » 


= ?1 
V, 


, then 
in 


1 






dx' 


J." 


Taiing , 


t, n 


'' y/j 


y,'. 


". »,. y,. 


we 


have 





. {?■ (</,' 



--t}- 




ote simultaneous 


(y.Ji'-y.s'.' 


) 


y,) - y, (»■' ' 


H,)]. 



whence 



ViV'^ 



' &r 



-y^-t 



and therefore, proceeding to the limit, that is, equating x - 
or &c to zero, we get, observing that y^ becomes y.^, 

du _ \ f dy^ rfy^N 

di~y}y^~di''^' dij' 



du - 



1(^3° 



- Vi^y^- 



Hence, to differentiate the Ratio of two functions, we have 
the following rule : Multiply the denominator by the differential 
coefiicient of the numerator, and the numerator by the differen- 
tial coefficient of the denominator : subtract the latter product 
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firom the former : this difference divided by the square of the 
denominator is the differential coefficient of the Ratio. 



Differentiation of the Product of any number of Functions, 
17. If ti^ = y, . y^ . ^3 . . . y^, the product of n functions of x, then 

u^ dx y^ dx y^ dx y^ dx y« ^ ' 

Since u^ = u^_^ . y^, we have, by Art. (15), 

du du . dy 



whence 



dx '''' dx "-' dx 
u dx u/dx y^ dx ^ 

fl fl"! •^ ft 



similarly f=^ = — . -j^ + 3=-"^ , 

•^ w^_, cfe f/^., dx y^_i aa: 

1 rfWg __ 1 e?Wj J^ dy^ ^ 
Wjj cfcr Wj dx y^ dx* 

adding these equations together, cancelling terms which are 
common to both sides of the resulting equation, and observing 
that u^ = yj, we have 

u^ dx y^ dx y^ dx y^ dx ' ' ' y^ dx 



or 



du^ _ ^Vi , dy^ 4. ^^8 . . ^y« 
«« yi y^ yz y« 

Relation between Inverse Differential Coefficients. 

18. If y be a function of a;, in which case x will also be 
a function of y, then 

dy dx ^ 
dx ' dy 
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Let x\ y'y be simTzltaneous values o{ x,y; then it is evident 
that 

y - y x' - X ^ ^ ^ ^ = 1 . 

X - x' y - y ' Sx' Sy 

and that, consequently, proceeding to the limit, 

dy dx _^ 
dx' dy 

Differentiation of a Function of a Function. 

19. If w be a function of y, and y a function of Xy then 

du _ du dy 
dx dy ' dx 

For we have, by common algebra, taking x', y', w', as simul- 
taneous values of x, y, w, 

w' - w _ w' - w y - y ^ 
X - X y - y X - X 

and therefore, proceeding to the limit, 

du __ du dy 
dx dy' dx 

CoR. If w be a function of y^, y^ of y^, y^ of yg,. . . .and y^ of 
a;, it is manifest that we may prove in the same way that 

du^du dy, dy^ dy^_, dy^ 
dx dy, ' rfy/ dy^ dy^ ' dx ' 

Take for instance three y*s ; then 

^ -'^ ^ ^'"^ y/ - Vx yj - y^ vl - y» 
^' - ^ y/ - Vx * y*' -y^ yi-Vz' ^' - ^ ' 

and, in the limit, 

du _ e?w dyi dy, dy, 
<fe dyi * dy, ' dy^' dx ' 

Differentiation of a Function of two Functions, 

20. Let u =^f{y^^ y^y where f{y,y y,) denotes any function 
whatever of y, and y,, each of the quantities y, and y, being a 
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function of a third quantity x. Let y^^y^, u^ become y/, y,', u', 
when X becomes x' : then 

=/Cy/» y^ -fiviy y^ +f(yiy yD-fiyl^ y^y 

^ -u fiyiyy^-fiyi^ yd yj-yi ^ fiyi^y^-fiyi^yd yj-y^ 
^-x yl-y^ 'x'-x yi-y^ 'x'-x' 

Now in the limit, when x diflFers from x less than by any 
assignable magnitude, 

t^ -u Du ^ y/ - y^ _ dy^ ^ y; - y^ dy, 
x' - X dx * x' - X dx ^ x' - X dx ' 

fiyiyy^-fiyi^yd ^ df(y^ , y,) ^ du 
yl - yi ^yi dy, ' 

and, first replacing y/ by y^, and then y^ by y,, 

hence JDu ^ du_ dy, ^ ^ dy, 

cfo . dy^ * dx dy^ dx 

In this equation it is very important to observe that the 
numerators of the two fractions 

du du 

^y/ dyz' 

although represented by the same symbol du, are essentially 
different, the numerator of the former corresponding to the 
ultimate value of the increment 

/(y/^yJ-ZCyi^y*). 

and the numerator of the latter to the ultimate value of the 
increment 

/(yi^yaO-ZCyi^y*)- 

The numerator of the fraction 

Du 

dx 
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which corresponds to the ultimate value of the increment 

and which we have represented by a distinct symhol Du, is ' 
evidently different from either of the numerators of the fractions I 



In order to obviate all possibility of confusion, we might use 

the BYmbols d u, d^u, to denote the numerators of -;— , -=— , 

' ay, "*?, 

the suffixes serving to point out the origin of the two differentials. 
Sueh a notation, however, although remarkably clear, would 
frequently be very embarrassing, especially in long operations. 
It will be sufficient for distinctness if we remember to regard 

-J— and -r— as fractions the denominators of which are insepa- 

rably attached to the numerators, the symbols dy^ and dy^, 
which express the denominators, thus serving to indicate the 
true nature of the du in the numerators. 
If, however, as will be sometimes convenient, we do put afv^M, 

shall then 



du du 



be at liberty to treat these diHerential coefficients ae ordinary 
algebraical fractions : thus 



dx 



d,^u dy^ d,^u 
dy^ dx dy, ' dx 



.(2), 



may be written, multiplying both sides of the equation by dx, 

Du = (?v,« + rf.jM (3). . 

The quantity d,yU denotes the differential of u taken with regard 
to y, , as if ^3 were constant, d^u the differential of u taken with 
regard to y^ as if y^ were constant, and Du the differential of u 
due to the simultaneous variations of y^ and y^ dependent upon 
the variation of x. The quantities rf^w, t^jM, are called ihepartial 
differentials of u with regard to y^, y^, respectively, and Du its J 
total differential. The quantities 



I 
I 



^Vy ' '^y^ ' 
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in the equation (2), or their equivalents 

du du 

in the equation (1), are called the partial differential coeffdents 

Du 

of u with regard to y^^y^i respectively. Finally, — is called 

the total differential coefficient of u. 

The equation (3) shews that the total differential of u is equal 
to the sum of its partial differentials. 

Differentiation of a Function of any number of Functions of a 

single Variable, 

2 1 . Let u = f(y^ , y^ , y^, a function of three variables y^^y^^y^y 
each of which is a function of x. Then if ti', y/, y^y y,', be 
simultaneous values of ti, yiyy^yy^y ^^ have 

u' -u =^f{yl, yi, yl) -fiy,, y^, y^, 

«' - ^ ^ /(y/^ y^^yd -/(yi> y^^ yd y/ - Vi 
X 'X y,' - yi ' x' " X 

^ f(yiy y/> yd -/(y/> ya^ yd y2 - y% 
y/ - y2 ' X ^x 

■ /(y/> y 2^ yP -/(y^ y/. yd yl - ys 

yz-yz a; - a: 

Proceeding to the limit we get, as in the case of two functions, 

Du^du dy^^ du^ dy^^du dy^ 

dx dy^ ' dx dy^ dx dy^ ' dx 

*. , . . du du du 

m this equation -r— , -=— , 3- , are the partial diflFerential 

dy, dy, dy, 

coefficients of ti with regard to y^, y^, yg, respectively ; and -j- 

dx 

the total differential coefficient of u with regard to x. If we 
adopt the suffix notation, the equation (1) may be written 

Du^d^ dy^^di^ dy^^dt^^^ 

dx dyi ' dx dy^ ' dx dy^ ' dx 
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Y dx, and putting 



Multiplying the equation (2} b 
-^ . ay, = d,,v " 

we have Du = (?„m + [^« + rf^M (3J. 

The same theorem may evidently be extended to any number 



of functior 



v,>y-,'y,> 



that, if 
, being any n functions of x, then 



Du __ du dy, du 



du dy^ 

dy, ' dx 



^y. 



^ 



dy^ ' dx 
or, replacing du in the expressions 

du da du du 

dy, ' dy^ ' dy^ > ■ ■ ■ ■ ^^^ > 

by d^ u, d^u, d^u, . ., , d^u respectively, and clearing the 
equation of fractional forms, 

Du - d^u + d^u + d^u + .... + d^u. 

It may therefore be stated as a general propoeition, that 
the total differential of a function of any number of functions 
of a variable is equal to the sum of its partial differentials 
taken on the hypothesis of the separate variation of each of 
the several subordinate functions of the vaiiable. . 

Cob. If any one of the quantities y,, y^, y^, , , . . y^, y, for 
instance, be equal to x, which is the most simple foim of 
functionality, then from the above demonstration it is plain 
that we may replace the corresponding term 

^ _ 

dx' 



by 



thus if 
then —J— = 



or, transform! 
differentials. 



"=A^>y,>y,>yi> — yJ- I 

du du dy, du dy^ du dy^ 

dx dy^' dx dy^' dx "" dy^ ' dx ' 
Lg the equation from differential coefficients to 



Du = du + dt^u + (^« + 
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Differentiixtion of an implicit Function of a single Variable. 
22. Let t? = (a:, y) = 0, 

y being therefore an implicit function of x : then t?', a:', y', being 
corresponding values of c, x, y, 

«? = ^(a;, y) = 0, V = ^(a;', y ) = 0, 

t?' - t? = ^ (a:', y') - (a:, y) = 0, 
or 

v'^v i>(xyy)'^(xyy) , <l>(s!,j/') -i, (x',y) y' - y _ ^ ,-. 

ic-a: X - x V " V x - x 

Now in the limit, when £ approaches indefinitely near to a:, 
and therefore y to y, we have 

y - y __dy v' - V Dv 
and, first replacing x by ic, and then y' by y, 

<^ {^'y y) - 4> i^'» y ) = 4>i^yy')''4>(.^yy) ^ ^ (x, y) ^ ^ , 
y' -y y' -y dy " dy' 

hence the equation (1) becomes 

Dv _dv dv dy ^ 

dx dx dy ' dx '^' 

This result gives us the expression for ^ in terms of the 

dx 

partial differential coefficients of v with regard to x and y taken 

successively as separately varying. If we replace the symbol 

dv in the numerators of the fractions 

dv dv 
dx' dy' 

by the expressive forms dvy dv, we have, transforming the 
equation (2) firom differential coefficients to differentials. 



Dv =: d V + djo = 0. 

This result shews that if any function of x and y be always 

c 
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zero, its total differential or the sum of ita partial differeutialB is 
always zero. 

General Theory of the Differentiation of implicit Functions 
of a single Variable. 

33. If C; = 0, Pj = 0, Wj = 0, i!„ = 0, 

where v,, »,, v^,. . . .v^, are n functions of x, y^, y^, y,,. . , .y,, 
the variables y,, y^, y^,. . . .y^, being therefore impUcit functions 
of a:, then 

dv, (fPj dy, dVj dy^ dv, dy, rfw, dy^ 

dx dy, ' dx dy^ ' dx dy^' dx dy^ ' dx 

together with n - \ additional equations involving v^, c,, v^—v^, 
precisely as b, is involved in this. 

Let x, yli yl, y^,. .. ,y^, v^', be corresponding values of 

"i =/(«> y,' j/j- y^> — ^n) = 0- »i' =/(^'. yi> y,'. yi>—y^) = o ; 

hence 

= c,' - », =/(j;', y,', y,', y,', y^)-f(x, y„ y„ y„. ...y.) 

°K^' yi. y-.' ^3. - ■ • -yj -/(■^. ?!. yt, y, yj 

+/C^. y/. y.. y^. — yj -f(.^\ y„ y„ y, y.) 

+/C^' y/' y.'> y^ ' — yJ -/{^'. y,'. y». y..- ■ ■ .y,) 



+/(^' y.'j y^'' y/ y.') -/C^'. y.'. y.'- y/. yj = 

whence, S^, S^j, S,j,. . . .Sj,, denoting the partial increments of 
the functions to which they are prefixed with regard to x,y^, y^, 
. . ..y„, respectively, and A the total increment of ?!,, we have 

-yj %! 

■ Sx 



_^ ^J(.^>yr'y^>y,>•■^yJ . Kfi^'.y>, 

&e 8a: g 



I MC^' 



yi>yi'y,' 



-yj Sy, 



g„^a;',y,',y;.y3'..Y„.„yJ ^^ 
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Proceeding to the limit, we have, x, y^, y^, y^,. . . .y,, being the 
I nltimate values o 



s o£x' 



y..y,.ys. 



Ih^ _ tiv^ dCj dy, do, rfy, rf», dt/^ 
dz dx dt/^ ' dx dy, ' dx dy, ' dx 



dy^ dx 



The analogous equations in regard to Oj, v^, c,,. 
established in the same way. 

Multiplying the equation (l) by dx, we have 



, may be 



, dx-^ 



dv, , dv, , dc, , do, , 

t -f-i . dw, + -=-^ . rfu, + -— 1 . ay, +...+ -=-i . dy., 
^y^ ^l/i f^i ^tf. 

L or, if we express the different partial differential of p, by 
I suggestive suffixes, 

= JDv^ =• dj>, + d,jC, + (4jBi + rf|,3»| +....+ d,v^. 
r From the equation (l) together with the (« - 1) ■• 

equations, making in all n linear equations, we may deten 

the « differential coefficients 



dx ' 



dx ' dx' dx " " ' dx ' 
Jin terms of the n (n + 1) partial differential coefficients of 



^^'ral 



Total Differentiation of a Function of Functions of independent 

Variables. 

We have now fully considered the principle of differen- 

I tiating a function of functions, the subordinate ftmctions being 

dependent each of them upon one and the same variable. 

Suppose, however, that 

"=/(&!> y^'Vi> — yJ. 

and that y,, y,, y^,. . . .y., are not all of them dependent upon 
a single variable, but that they are functions of several inde- 
pendent variables. Let «', y,', y^', y,',, , . ,yj, be corresponding 
Talues of M, y,, yj, ^j,. . . .y : then 
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=fiy>> yU y>' — y,') -/(vk y^> 2/» — y-) 
=f(yi> y^. y^>- ■ ■ -y.) -/(y,. y^> y^> • • -yJ 

+/(y!' y,'. y^ yj -fiy>, y^, y^ yj 

+/Cy,', yi, y/.- ■ ■ -y.) -/(y,'= y,', y,.- ■ ■ -yj 



+/(y/. y,'< y>'.— y'.-i. y.') -/fy.') y^'. y^>—y\^,> y.). 

^"-S^,i''y,.y..y3.-y,)+S,^/ry;,ys.y„-..yJ+S^^/y/.y;.y„-yJ 
+ — + S„/Cy,', y,'> y^' y'..,. yj- 

Now when these increments are diminished indefinitely by the . 
continuous approximation of y,', y^, y/,. , . .y,', to the values 
?!' yn yj'- ■ ■ -t/.i ^^^ '° correspondency with any restrictions 
to which these Tariables may be subject, let quantities finite or 
infinitesimal which are proportional to these vanishing incre- 
ments be called the differentials of the corresponding incre- 
mented quantities : this definition of diiTerentials is merely an 
extension of the definition for the case of one independent 
variable to that of any number. Then, by the notation of 
differentials, we have 

Da = du + du + du-i.,.,+ d u. 



Ex. Suppose that 

"=/(y,.y,'y3) = y, + y2- 



«y= = ^. 



rfy,, d^u-dy^, d u = 

Du = dy^ + di/^ + rfj/j. 



-(^. 



hence, by the definition, 

dt/j = (fe, + (fe,, rfy, = Iz^dx^ + ^x^dx^, dy, = 

7)w= dx, + dZj + 2a;, (fe, + 2x^dx^ + Sx'dx + Sx^dx^ 

= (1 + 2a;, + 3a:,') dx^+ (I + 2^, + Sx') dx^. 



Bx, + (x' + X,) Sx„ 

r x^^) Sx, : 
;, + Sx.^'dx^; 
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Partial Differentiation of an explicit Function of three Variables 
one of which is a Function of the other two, 

25. Suppose that u -f{x, y, 2), 

z being some function of two independent yaxiables x and y. 

Since x an^ y are supposed to vary independently of each 
other, the variation of z being dependent upon the variations of 
X and y, we may assume y to remain unchanged while x and 
therefore z varies : then, the expression 

Du 

dx 
being taken to denote the total differential coefficient of w, as 
far as u is affected, both immediately by the variation of x and 
indirectly by the variation of z as consequent upon that of a:, 
we have, by Art. (21), Cor., 

Du du du dz ,,. 

l^-d^^Tz'^ (^> 

In like manner, y being supposed variable and x constant, 

Du _ du du dz . 

dy dy dz * dy 

In these equations -rr and -7- are the partial differential coeffi- 

dx dy 

cients of z with regard to x and y respectively ; -r- and — - are 

dx dy 

the partial differential coefficients of u with regard to x and y, 

du 
In the equation (1), -=- represents the value of the ultimate 

dz 

ratio of the increment of u to the increment of z, when z 

receives an increment in consequence of the variation of a: : in 

du 
the equation (2), — - represents the value of the ultimate ratio 

dz 

of the increment of u to the increment of 2, when z receives an 

increment in consequence of the variation of y. It is important 

du 

however to observe that in both cases the actual value of — 

dz 

must be the same, the origin of the variation of z evidently not 
affecting the ultimate ratio in question. We are at liberty 
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I therefore to coDBider dz as the total difierential of z in the 
denominator of — in both equations, the value of du being 
the 



I accordingly also the same in both. The equations written i 
Wtke most expressive form would accordingly be 



dx dx Dz' dz 



Du du du dj: ,,. 

-^ = -J- + Vr ■ J *■*)■ 

du dy Dz dy 



Owing to the complexity of the notation in (3) and (4), it will 

be desirable to adhere to the form of expression which we have 

given in (1) and (2). No danger of confusion can arise from 

the several meanings of Du, du, dz, provided that we remember 

to regard as monads the expressions 

I Du Du du du du dz dz 

I dx ' dy ' dx' dy' dz' dx' dy' 

the denominators of these indissoluble fractions sufficing to 

suggest the significations of their numerators. 

Multiplying (3) and (4) by dx and dy respectively, and 
adding, we have 

D^u + Du = du + du + ^ . (rf z + dz) : 

but, by Art. (24), Dz = djz + d^z \ 

hence D^ + Du = du + d^ + d^ : 

I bat, by Art- (24), we have also 
Du = d^ + (/ M + dv, ; 
hence Du = D^ + Dii, = du + dtt + du. 

J^ariial Differentiation of an explicit Function ofa + i Variables, 
r independent and n dependent. 
26. Let K=/(:e„ar,,a:,,. ...ar„y„y„y„. ...yj, 
where y,, y,, y,,, . . .y„, arc each of them functions of r inde- 
pendent vai'iables x^, x^, x.,,. . . .x,. 



I 
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'IBS 



Then, diderentiatmg successively with regard to z,, a:,, Xj,...x,, 
each of these quantities being taken in t\im as the only variable 
among them, we have, by Art. (21), 

Du _ du du dy^ du dy^ du dy^ du dy^ 

(foj dz^ dy^ ' dx^ dy^ ' dx^ dy^ ' tic, 

Du du du dy^ du dy^ du dy, 

(£Cj dXj dy, ' dx, rfy, ' dx^ dy^ ' dx^ 

Da du du dy^ du dy^ du dy^ 

dz^ dXj dy^ dx, dy, ' dx^ dy^ dx^ 



dy^ ' dx^ ' 
du dy^ 

dy^ dxt ' 
du dy^ 



Du du du dy^ du dy^ du dy^ du dy^ 

dx, dx, dy^ dx, dy^ ' dx, dy^ ' dx, ' " ' dy^ ' dx, ' 



Partial Differentiation of an implicit Function of two 
independent Variables. 
27. Let 3 be an implicit function of two independent variables 
X and y by virtue of an equation 

■ Then supposing, as we are evidently at liberty to do, that y 
remains constant while x and consequently z varies, we have, 
^ by Art. (22), 

Du du du dz 
dx dx dz' dx 
Again, supposing y variable and x constant, we shall have also 
Du ^du du dz ^ 
dy dy dz ' dy 



Partial Differentiation o/imjjUcit Functions of any number 
o/ independent Variables. 

28. Let p, = 0, p, = 0, t>, - 0, u, = 0, 

\ where v^, v^, Cj,...t)„, are n functions of ?t + r variables x^, x.^, x,, 
''> 'Ji'l/z>Ps'"-y„' then each of the vai-iables y,, y„ l/^t—yn, 



■ 


i^H^I^BHI^I 


H 
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H 


may be regarded as a function of r independent variablea" 


^H 


x„ x^, Xg,. .. .Xf. We are therefore at liberty to consider 


^^k 


x^, x^,. ., ^x^i as all constant, and to regai-d y,, y^, y^. .. .y„ 


^H 


as functions of a variable a:,. We have therefore, by Art. (23), 


K 


- DVj dv^ dv^ dy^ dv^ dy^ dv, dy^ dv^ dy„ 

dXj dx, dy, ' dx, dy^ ' dc, dy^ ' dx, " dy„ ' dx, ' 


^M 


Similarly, a:,, x^, x,, successively takbg the place of a;^. 


I 


dx^ dx^ dy, ' dx^ dy^ ' dx^ dy^ ' dx^ " dy„ ' dx^ ' 


1 


dx^ dx^ dy, dx^ dy^ dx^ dy^ dx^ dy„ dz^ 


1' 


De^ _ do, dv, dy, dv, dy^ dv, dy^ dv^ dy^ 

dx, dx, dy, ' dx, dy^ ' dx, dy^ ' dx, '" dy„ ' dx, ' 


^B 


There will evidently be also r analogous equations in relation 


^H 


to each of the functions i\, !>,, p^, . . . . v^. We thus have nr 


^H 


differential equations, and may thence determine expressions 


^H 


for the nr partial differential coefficients of the dependent 


^1 


variables y„ y„ y,. .... y,, viz. 


^ft 


^ _ ^ ^a _ ^~ ^ 


^H 


dx, ' dx, ' dx, ' dx, ' 


^V 


dy, dy^ dy^ dy^ 


^^M 


dx^ ' dx^ ' dx^ ' dXj ' 


^H, 


^1 ^ %L ^VjS 


WL 


^^ cfej ' dx, ' dx, ' dx^ ' 


^p 


m 

^^ ^ %, ^. 


^^V 


dx, ' dx, ' dx, ' dx, ' 


^1 




^^ 


r>„ »„ r„ ... v^, Uken with regard to the variables x,, x^, x^, ... x„ ^H 


1 
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SECTION II. SIMPLE FUNCTIONS. 

29. In the preceding section we have shewn how to reduce 
the diflFerentiation of a function of functions to that of the 
differentiation of its subordinate functions. In this section we 
shall investigate the differentials of what may be called simple 
functions, as being the constituent elements or subordinate 
functions of aU the complex functions of algebra. The essen- 
tial characteristic of a simple function consists in its not being 
susceptible of resolution into elements more simple than itself, 
except by the aid of infinite series: the number of simple 
functions might therefore, as may easily be imagined, be mul- 
tiplied indefinitely. The algebraical expressions ordinarily 
adopted as simple functions are the following : 

a:"*, m being any real quantity whatever, 

a% sin X, cos x, tan 'a:, cot x, sec x, cosec x, 

and the inverse functions 

log^ x^ sin'^ Xy cos"* x^ tan"* Xy cot"* Xy sec"* x, cosec* x. 

These expressions have been selected as the elementary 
functions of ordinary analysis, in consequence of their peculiar 
utility in the various applications of the science. 

To find the Differential Coefficient of x° with respect to x, 
n being any rational quantity whatever. 

30. Put y - af'^ then, a:', y\ being corresponding values of x 
and y, we have 

I In. n. 

y -y = a:'»-aj% 

z being such a quantity that x = xz> 

Our object is now to find the limiting value of the fraction 

^^ 1 



■ \ 



z-\' 
when z approaches indefinitely near to unity. Now whatever 
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be the value of n, positive, integral, fractional, or negative, we 
may always express it under the form 

r 

where /?, y, r, are positive integers. Hence 

p-g 

«" - 1 2 •■ - 1 t?^-« - I 

r = — = —^ — ~ , puttmg z = x>\ 

__^ 1_ (tf "1) - (t?g - 1 ) 

Hence, dividing t?** - 1, t?^ - 1, i/" - 1, by «? - 1, observing that 
p, q, r, are positive integers, we have 

Now, by making t? approach more nearly to unity than by 
any assignable difference, z will also be made to do so : hence 

limit of =- — i = n. 

z- I r 

Hence we see that -~ = naf*'^, 

ax 

To find the Differential Coefficient of log b, x with regard to x. 
31. Put y = log^ X ; 

then . y = log« x, 



8y = log„|=log,^l + ~^, 

Sy ^^^-(^-^T 



Sx W 



Put - = fl ; then 
z 



Sy 1 log. (1 + 0) 1 , ., «,i 



=^°«'(^'^T'P""^''^^=^ 
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Our object is to determine the value assumed by the expres- 
sion / 1 \« 

log.(l.i), 

when n = 00, a value of n consequent upon the evanescent state 
of Sx. Now whether w be a continuous or a discontinuous vari- 
able, yet, provided that it become greater than any assignable 
magnitude, Sx will become less than any assignable magnitude, 
which is the only condition to be fulfilled by &c in the ultimate 
state of the hypothesis. We will assume then n to represent a 
positive integer, and proceed to ascertain the limiting value of 
the function 



log. (. * i) . 



when the integer n becomes great without limit. 

By the binomial theorem we have the following expansion, 

consisting of » + 1 terms, for ( 1 + - j , viz. 

^^^Y i^'^ 1 , n(n-l) 1 n(n-l)(n-2) 1 
\ nj In 1.2 »' 1.2.3 w^ 

n(n-l) (n- 2) (n- v + I) 1 

+ - . ~r • • • • 

1.2.3 .... V »" 



n(n-l)(n-2) (n - n - 1) l^ 

1.2.3 . .. , n ' »" ^ 

»'-i)"-i^o(-^)^t5:5(--:)('-I>-- 

,.i)(i-r\....(,.'Liiu.... 



1.2.3 v\ nJ \ nj \ n 

1.2.3. ..v(v+l)...wV n)\ nJ \ n ) \ n ) 

Now we may take n and v so large that, if we stop the series 

at the (v + 1)*** term, the sum of all the remaining terms will be 

less than any assignable magnitude. In fact, this sum is less 

than 

1 1 1 



1.2.3...|/'(v-f 1) 1.2.3...i/(i/+l)(v+2) 1.2.3...v(v+l)...w' 
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and a fortiori than — + -;;;i + • • • • "*" "vi » 
and a fortiori than 

i -L JL JL JL 



which series is equal to -^^ , 

and becomes therefore indefinitely small when v is increased 
without limit. 

If then we take v indefinitely large, and neglect accordingly 
all terms after the {y + 1)*, and if we then take n, which is of 
course always larger than v, an indefinitely large number of a 
higher order of magnitude than v, so that in fact the ratio of n 
to V shall be indefinitely great, we shall have 

1+- =14--+ 4- + + ^ ^ ^ , 

nj 1 1.2 1.2.3 1.2.3 ... . v 

an approximation true without limit as v increases without limit ; 
that is, in the limit, 

1+-I =1+- + — + + ad infinitum 

71) 1 1.2 1.2.3 

= By the base of Napier's logarithms. 

Hence we conclude that 

^-i 1 1 

dx X* X log^ a ' 

To find the Differential Coefficient of di^ with regard to x. 
32. Put y=a*, y' = a*' = o***^; 

then y' -y ^oS'^a^ - 1), 

hx ' Sx ' 
Put a*'- 1 = - , Sx log^ a = log^ f i + - i ; 

then g^ " ^ • ^ ~ " • ^ ^^^' 



n\oz.{\^^^ log, (1-^0 
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Now, to proceed to the limit, putting w = an indefinitely large 
positive integer, and thereby rendering Sx less than any assign- 
able quantity, we have, 

dx log, e 

To find the Differential Coefficient of sin x loith regard to x. 

83. Put y = sin a: ; 

then 8y = sin (x + ix) - sin x 

^ . ^x ( Ix 

= 2 sin — . cos a? + — 
2 V 2 

. Ix 

. Sy ^"^J f Sx' 

whence ■— = — w— . cos hr + — 

Sx Sx V 2 



2 

Now by the seventh Lemma of the first section of Newton's 
Principia we know that the arc and the chord of any curve 
vanish in a ratio of equality : whence it follows that the ratio 
between the sine and the circular measure of an angle is ulti- 
mately unity. Hence, in the limit, 

. Sx 
sm — 

2 

and therefore -^ = cos x, dy = cos x . dx. 

dx 

To find the Differential Coeff^ent of cos x. 

34. Put y = cos Xy y' = cos {x + 8a:) ; 

then 8y = cos {x + Sx) - cos x 

^ . f Sx\ . Sx 
= - 2 sm a: + — ) . sin — , 

. Sx 

Sy . / Sx\ ^^"^T 

^ = - sin a: + -- . — »— - ; 
Sx \ 2 I ^cc 
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whence, in the limit. dy 

' ^ = - sin ;i;, 

dx 

or rfy = - sin ;i; . dx. 

To find the Differential Coefficient of tan x. 

35. Put y = tan a:, ^ = tan (:» + &??) ; 

then Zy ::^y' ^y = tan {x + &) - tan x 

sin {x -f &g) cos a? - sin a; cos {x + 8a;) 
cos a: cos (x + 8a;) 

sin ^x 

cos x . cos {x + Sa;) ' 

8y 1 sin 8a; ^ 

8a; cos a; cos (a; + Sa;) * 8a; 

proceeding to the limits when 

sin ^x 



h: 



= 1, 



we see that -f- = 7 -^ = (sec a;)*, 

aa; (cos x) 

or dy = (sec xj dx. 

To find the Differential Coeffi^nent of cot x. 

36. Put y = cot Xy y -^ Sy- cot (x + Sx) ; 

then Sy = cot (x + 8a;) - cot x 

_ sin a; cos (x + Sx) - cos a; . sin (x + 8a;) 
sin X . sin (a; + Bx) 

sin 8a; 
sin a; . sin (a; + 8a;) * 

By 1 sin Sx 

Sx sin a; . sin (x + Sx) ' Sx 

proceeding to the limits since ultimately 

sin Bx __ 
Bx 
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we have ^ = - ?-* — ^ = - (cosec xfy 

dx (sin xj 

or dy ^ - (cosec xf . dx. 

To find the Differential Coefficient of sec x. 

37. Putting y = sec x, y + Sy = sec (x + &r), 

we get Sy = sec (rp + Sa:) - sec x , 

cos X - cos (a; + Sx) 
cos a; . cos (x + Sa;) 

^ . hx . f hx' 
2 sin — . sin rp + — 

2 V 2 



cos X . COS (a; + hx) * 

. / hx\ . Sa: 

^ sm a; + — sin -— 

hy \ 2 2 



Sx cos a: . cos {x + fiar) ' 

"2 
proceeding to the limit, when 



we have 



or 





sin — 
2 

8a; 


= 1, 




2 




dy _ 
dx 


sin a; 
(cos a;/ 


= tan X . sec x, 


dy = 


tan a: . sec a; . d^. 



To find the Differential Coeficient of cosec x. 

88. Putting y = cosec x, y-^Sy^ cosec (x + Sa:), 

we have 8y «= cosec (a: + Sx) - cosec a: 

_ sin a; - sin (a; + Sx) 
sin a; . sin (a: + Sx) 

Sx 



. cos I a; + — j 
sin X . sin {x + 8a;) 



2 sin 
2 
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/ Sx\ . 8x 
^ cos hr 4 — 1 sm — 

?^ = - V 2 y 2 . 

S;i; sin :r . sin (a: + S;i;) ' ox 

sin — 
in the limit s= i. 



and therefore ^^ = - r^^2 = - cot a; . cosec a:, 

ew; (sin xf ' 

^r dy -- cot ;i; . cosec a; . dx. 

To find the Differential Coefficient o/'sin"^ x with regard to x. 
39. Put y = sin-' Xy y + Sy = sin"' (x + Bx), 
tl^en sin y = ;i;, sia (y + Sy) = x -h Sx, 

sin (y + Sy) - sin y = S:r, 

2 cos I y + -i- ) . sin -^ = 8a; : 

V 2 J 2 

Sy 

and therefore ^ = — -— . u , 

ox . Sy I oy 

sin^ cosfy + ^ 



or 



Now, proceeding to the limit, when Sx and Sy assume values 
less than any assignable magnitudes, we have 

Sy 

^--r> iL = 1, cos I y + — )= cos y: 

Sx dx ^Sy y 2 ) ^ 



sm 
2 



hence 



or 



dy_}_ 1 1 

dx~ cosy {1 - (sin y/}i " (1 - a:*)* ^ 

J dx 
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To find the Differential Coeff^ent of cos'^ x. 
40. Put y = cos"* Xy y + Sy = cos'* {x + hx\ 
whence cos y ^ Xy cos (y + Sy) = a: + hxy 

cos (y + 8y) - cos y = Sa;, 



or 



whence 



- 2 sin I y + ~ J . sin ~ = hxy 

hy 

gy _ 2 1 

sm -^ sin I y + — 



proceeding to the limit, we have 
dy 1 1 



%\\ 9 



or 



dx sin y {l - (cos y/}* (1 - i*)* 



To find the Differential Coefficient of tan'^ x. 

41. Proceeding in the same way as in the investigation of 
the differentials of sin"* x and cos'* x, we have 

y = tan* Xy y + Sy = tan'* (x + Sx), 
tan y = Xy tan (y + Sy) = « + Sa:, 
Bx = tan (y + By) - tan y 

sin ( y -f 3y) . cos y - sin y . cos (y + Sy) 
~ cos y . cos (y + Sy) 

sin 8y 
~ cos y . cos (y + Sy) * 

/ = ^-^ . cos y . cos (y 4 Sy), 
oa; sm oy 



-^ = (cos yf = - — ;— 
dx ^ ^^ 1 + fta 



efe: ^ ^' 1 + (tan y)'^ 1 + ic» ' 



rfy=,^^. 



D 
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To find the Differential Coefficient of cot'^ x. 

4J2. y = cot"* ;r, y + Sy = cot" * {x + hx)y 

cot y = «, cot (y + Sy) = a; + Sa:, 
8a: = cot (y -f Sy) - cot y 

sin y cos (y + Sy) - cos y sin (y + Sy) 
sin y . sin (y + Sy) 

- sin Sy 
sin y . sin (y + Sy) ' 

^ = -(8iny)'= ' ' 



dx ^^' ^' 1 +(cot yf 1 + a:' ^ 

, efo 
rfy = ^ J . 

1 + a: 

To find the Differential Coefficient of sec'^ x. 

43. y = sec* Xy y -^ ^y = sec"* {x + Sa;), 

sec y - Xy sec (y + Sy) = a: + 8;i;, 

hx = sec (y + Sy) - sec y 

cos y - cos (y + 8y) 

cos y . cos (y + Sy) 

2 sin ^ . sin ( y + — ) 
2 y 2) 

cos y . cos (y + 5y) 

Sy 2 cos y cos (y + 8y) 

Sa; ^ oy ' . ( Sy^ ' 

sin — sin I y + -^ 

dy _ (cos y)* _ 1 1 

dx sin y (sec y)' * sin y 

1 sec y 



(sec yy ' {(sec y/ - 1 }i 
1 
"a;(«»-l>' 
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To find the Differential Coefficient of cosec'^ x. 

44. y = cosec"* x^ y + Sy = cosec"^ {x + hx\ 

cosec y - x^ cosec (y + 8y) = ;i; + Sa;, 
Sa: = cosec {y + 8y) - cosec y 

_ sin y - sin (y + Sy) 
sin y . sin (y + hy) 

2 sin -- . cos [y->r — 

sin y . sin (y + 8y) 
8y 

^ - - ^ sin y sin iy + 8y) 

S:i: . hy' / V 

sm -^ cos ( y + -^ 

fl^y ^ (sin yy ^ 1 1 

c?:i; cos y (cosec y^ ' cos y 



cosec y 



rfy = - 



(cosec y/ * {(cosec y)* - 1 }^ 
1 

> 
dx 



x{x^-\^ 



Differentiation of Simple Functions of y with regard to x, 

y being a function of x. 

45. Let u = y*". Now, by Art. (19), 

du du dy 
dx dy * dx ' 

and, by Art. (30), — = my-"' ; 

du „., dv 

hence, rf « = y", ^ = my" -^| . 

u2 



SG 
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Similarly it may be shewn that, 

du 1 



if w = log« y. 



if t^ = a*', 



if w = sin y, 



if w = cos y, 



if w = tan j/f 



if u = cot y. 



if w = sec y. 



if w = cosec y^ 



if w = 



sin'^ y, 



if w = cos"* y, 



if w = tan"* y, 



if w = cot"* y, 



if w = 



sec-* y. 



if w = cosec y, 



dx y log^ a* dx' 
-^av.log,^.^^. 

du dy 

— = cos y . — ^ : 
dx dx 



-^ = (sec y) . 



du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 

du 
dx 



= - sm y 



dy . 



dx 



dy . 



dx 



= - (cosec yf . 



dx 



dy 
tan y . sec y - -r"- 

CvX 

dy 
cot y . cosec y . -- : 
^ ^ dx 



1 



dy 

1 dy^ 

{X-fyi' dz' 

1 dy. 

\ -^ y^dx 
1 + y* ■ <fer ' 

y (y' - i> ■ rfa; ■ 

yOl^-iy^' dx' 



All these formulee the student must carefully commit to 
memory. 



PRINCIPLES OF DIFFERENTIATION. 37 



SECTION III. ILLUSTRATIVE EXAMPLES. 

46'. We shall devote this section to the exemplification of the 
principles which have been established in Sections (1) and (2). 
The illustrations here given are not numerous: in order to 
acquire a practical familiarity with the processes of differenti- 
ation, as well as with the application of the general theorems 
which we shall develop in the subsequent pages of this work, 
it will be necessary for the student to have recourse to Peacock's 
or Gregory's Examples of the Differential Calculus. 

Ex. 1. Let y = sin a + sin y8 + sin 7, a, ^, 7, not involving 
X ; then, the sum of the three sines being a constant quantity, 
we have, by Art. (11), 

dx 
Ex. 2. Let y = x^ + a^ 

a being a constant quantity; then, by Arts. (12) and (30), we have 

ax 

Ex. 3. Let y = i logrt x, 

a and b being constants ; then, by Arts. (13) and (31), we have 

^^ * 

dx X log^ a ' 

Ex. 4. Let y -= xf*+ a', 

a being a constant; then, by Arts. (14), (30), and (32), 

-/ = ax*^'^ + a* log a. 
dx 

Ex. 5. Let y = sin x . cos re; 

then, by Arts. (15), (33), (34), 

dy . d cos X d sin x 

-^ = sm a: — = + cos x — ; 

dx dx dx 

= sin X (- sin x) + cos x . cos x 

- (cos xj - (sin xf. 
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tan X 



Ex. 6. Let y = 



X 

then, by Arts. (16) and (35), there is 

dy _\ f d tan x dx 

dx a?\ dx dx 

= -^ {« (sec xj - tan x}, 

Ex. 7. Let y = a:" . log^ x.a* , sin x . sin"* x ; 
then, by Arts. (17), (30), (31), (32), (33), (39), 

dy d Qxf") d loga X d (o*) d sinx d sin"* x 
y xf" log„ X (f sin a: sin~* x 

ndx Idx 1 J dx dx 

= + —. — - — = + log^ a dx ^ 2 + '^"li — r^ 2^ • 

X X log„ X log, a tan x sin a: (1 - xy 

dx 
Ex. 8. Let it be proposed to find -—- in terms of x, having 

dy 
given that 

y = sin :r. 

By Art. (33), we have -f- - cos x^ 

dx 

and, by Art. (18), ^.^= i: 

dx dy 

dx dx 

hence cos a: . -— = 1, -r ~ sec x. 

dy dy 

du 
Ex. 9* K u=^y^, and y = cot x; let it be proposed to find - . 

dx 

We have, by Art. (30), -- = 3y*, 

and, by Art. (36), J^ = - (cosec xf : 

dx 

hence, by Art. (19), 

du du dy ^ , . ^, ^ . , ^_ 

-T- = "7- • ;t^ = - 3y' (cosec a;/ = - 3 (cot x) (cosec x)\ 
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Ex. 10. Given 

u = sin Zy z - sin y, y = sin x^ 

to find ^ . We have, by Art. (33), 
dx 

du dz dy 

—' = cos ;?,-—- = COS y, -^ = COS a: : 

dz dy dx 

but, by Art. (19), Cor. 

du du dz dy 

du 
hence -r- = cos z cos y cos x, 

dx 

Ex. 11. Given 

u = sin iay) + sin {fiz) + tan~^ {yz), 

y = sec X, z - cosec x^ 

to nnd -=- . 
dx 

B A t ("20"^ — "—^ ^ ^ 

dx dy dx dz dx 

By Arts. (14) and (45), 

^^_C08(ay).-^--+^^^^^^, rfy 

= aco8(ay)+,^-i^: 

similarly ^ = /3 cos O;?) + ^ ^^ , , . 

Also, by Arts. (37) and (38), 

dy dz 

-^ = tan X sec x, — - = - cot x . cosec x, 

dx dx 



Hence we have 



Du 

dx 



{a cos (ay) + ^.-.V tan x sec :i: 
1 + j^^V 



- </3 cos (/3«) + :j — ^ 2j»f c^^ ^ cosec a:. 
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Ex. 12. Given that u = y^*\ 

and that ^i = «, y^ = ^> ^3 = ^» 

to find -rr- . 
ax 

We have, by Art. (21), 

Du __ du dy^ du dy^ du dy^ 
dx dy^ dx dy^ dx dy^ dx ' 



= log. y. • yy*- ^^, by Art. (32), 



yj 

du 

¥"="-•'■ • rfy, 

= iog« yi • yy*- log, y^• y/». by Art. (32), 
"log.yi-log.yj.y/'.y,'."'. 

Hence 

" = -.y/'.yy'+ 2a;.log.y,.y3. ?^ .y^' 4 8a:'log^,.log.y,.y/3.yy» 

= y2'''- yi'»''- f J + 2^:^ log. yi + ^^^ log, y^ . log, y, j . 

Ex. 13. Given that 

u = (a^ - x^^ + sin y =» 0, 

to find ^^ . 
dx 

By Art. (22), $^ + J* |^ = 0. 

aa: ay a:r 

But, by Art. (45), when we differentiate considering y constant, 

^-^^"^ ""'^ • dx 

= 2 («' - ^')"* . (- 2a:) = - a; (a' - ;i;')-*. 
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AT du 

Also ~- = COS y, 

dy 
Hence we have 

- x{a^ - x^)~^ + cos y . -~ = 0, 

Q>X 

, dy X 

whence ^ - 



dx cos y {a^ - x^^ 

Ex. 14. Given that u = x^, 

z being a function of x and y by virtue of the equation 

5? = sin {xy\ 
let it be proposed to find 

du du du Du Du j^ 

dx^ dy^ dz^ dx^ dy ^ 

du ic** 

By Art. (30), _ = ya . - : 

by Art. (46), J = log, x . ar**. ^^ = z . log, x . a?», 

if V 

and -^ = log, X . a:*^. — ^|^ = y log, a: . a^. 

az az 

Also, by Art. (45), 

^ - cos (xy) —^^ = y cos (xy)y 

— = cos (xy) — y^ = X cos (scy), 
dy ay 



But, by Art. (25), 



Du _ rfz^ du dz 
di'Tx^dz di' 



Du _ du du dz 
dy dy dz dy 



Hence we see that 



__ = ?L_ . a4« + y log^ X ,a^, y cos (xy) 
dx X 

= yW? + y log, ic . cos (xyy. ; 



42 



PRINCIPLES OF DIFFERENTIATION. 



dy 



Also 



= z log^ X ,x^ -^ y log^ X .x^^.x cos (xy) 
= log, X ,3^, {z -^ xy cos {xy)']. 



r, Du J Du , 
jUu = -r~ ax ■{■ -r:— dy 



dx 



dy 



yx^ ^ - + y loge ^ • cos {xy) \ dx -v log^ x . x^, [z + a:y cos(:ry)} dy. 



Ex. 15. Given that 

u = sin (a:y ■¥ yz + zx) = 0, 

to find — and ■-- . 
dx dy 

By Art. (45), 

dtf , ^ d (xy + yz + zx) 
— - = cos (xy + yz + zx) . — ^^-^ — :^ ^ 

= (y -^ z) cos (xy + yz + zx) : 
— z=(z^x) cos (a:y + yz + zx), 

■y- = (x -\- y) cos (a:y -v yz ■\- zx), 
dz 



similarly 



Hence, by the formulae of Art. (27), viz. 

du du dz ^ 
dx dz dx 

du du dz 
dy dz dy 

y + « + (^ + y) ^ = 0, 

z \ X ■\- (x ^- y) —- =:^ ^\ 

dy 



we have 
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, dz y ^^ z dz z + X * 

whence i- = - > r^ = » 

dx z + y dy x + y ^. 

or, transforming partial diflferential coefficients into differentials, 

a z =^ - dx. dz = dy. 

X + y * x + y 



( 44 ) 



CHAPTER III. 



SUCCESSIVE DIFFERENTIATION. 



Theory of the Independent Variable. 

46. Let <l)(x, y) = 0, where <^(:r, y) denotes any function of 
X and y whatever. When for x we substitute the successive 
values X + ixyX -V 282;, x + sSa:,. . . .let the corresponding values 
of y be yp y^, yg,. . . .Then, 8y denoting the increment of y due 
to the increment ix of x, we have 

y, = y + Sy: 
hence, putting y + Sy for y and y^ for y^ in this equation, which 
corresponds to the change in the equation due to giving x 
another increment Sx, 

y2 = y + Sy + S(y + 8y), 

or, putting 88y = S^y, as an abbreviation of notation, 

^2 = y + 2Sy + S'y. 
Similarly, x receiving a third increment Sx, 

^3 = y + % + 2S(y + Sy) + S'Cy + ^) 

= y -♦- 3gy + sS'y + %. 
Proceeding in the same way, we shall finally get, the law of the 
coefficients being evidently the same as in the binomial theorem, 

n ^ n(n - \) ^o ^ c>n 1 ^« 

yn^y-^-oy+ ^ ^ % + — + -c^y + o»y. 

Thus we see that as x keeps increasing by equal increments 8:1:, 
y generally increases by unequal increments : in fact the incre- 
ment of y, corresponding to an increment Sx of x, is Sy, and, for 
an increment nSx of x, it is not nSy, but 

n ^ n(n - I) ^^ n ^ , ^ 
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The quantity a:, which is supposed to increase by equal augments^ 
is called the independent variable, while y, the increments of 
which are dependent upon those of x, and which are generally 
variable, is called the dependent variable. Such is the definition 
of an independent and a dependent variable in the calculus of 
finite differences. Suppose now the diflference Sx to be inde- 
finitely diminished, then we may replace 

S«, Sy, %, S'y, 

by the differentials 

dx, dy, d'y, d^y, 

which are proportional to them. We may then say, to adapt 
our definitions to the differential calculus, that if y be a function 
of Xy X will be the independent and y the dependent variable, 
if, while X varies, its differential dx remains constant: in ac- 
cordance with this definition not only y but also dy will 
generally vary with the variation of x. 

Ex. 1. Let y = sin a: ; then, x being the independent variable, 

dy = cos X .dx: 

diflferentiating again, x and dy being variable, and dx constant, 

d^y = d(cos x).dx 

^(-'smx.dx).dx 

= - sin X . dx^y 

where dt^y for simplicity of writing, is put instead of {dxy. 
Proceeding in the same way, we see that 



n 



rf»y = (-)*. sin X . dxf'y n being even ; 



n-l 



dy = (-) "* . cos a: . dxf", n being odd. 

These expressions may be written also thus : 

d^ii — 

— ^ = {-J, sin X, n being even : 

d^ti — » 

-y^ = (-)'* • COS X, n being odd. 

Ex. 2. Suppose that 

y ^a^^ a^x-\- a^x^ + a^x"" + + ax*y 
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a rational function of x of n dimensions : then, differentiating 
successively n times, we have, x being the independent variable, 

-^ = l.a, + 2.a,.a: + S.a^.x^+ + najtf*~\ 

dx ^ ^ ^ 



1.2.0, + 2.3.03.2: + + (w - \)naji^'^y 



d^ 

d3? 



1.2.3.03 + -f (;^ - 2)(w- \)nax'''\ 



do^ 



1 • 2« o« tf • • • • 72 • a • 

ft 



The differential coefficients of higher orders than the ;^'^, viz. 

d^ d^ d^ 
d^" d^'' d^'"" 
will all be zero. 

Ex. 3. To find the n^ differential coefficient of -r ;, . 

or - a" 



P^t y = ^, „ 



I ^ J_ /_J l_ 

x^ - a^ 2a \x- a x + a 

= ^ ((^ - «)-' - (^ + ay}. 



Then 



^ = ^— i^ .1.2.3 n. {(« - «)"-• - (a: + o) -'}, 

Change of the Independent Variable. 
47. Suppose that we have an equation 
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involving a;, y, and successive differentials of y taken on the 
hypothesis that dx is constant. It is frequently desirable in 
researches in the differential calculus to transform this differen- 
tial equation into an equivalent one in which, instead of x^ some 
quantity of which a: is a function, shall be the independent 
variable. On the new hjrpothesis dx will no longer generally 
be constant. 

Suppose that y =f{x)y and put 

fix) being another function of x : adopting the same notation, 
put 

and so on. The quantities f'{x), f\x\ f"{x), are called 

the first, second, third,. .. .derived functions or derivatives of 
f{x), and are certain algebraical expressions constituting the 
results of the operations upon the function f{x) designated by 
the differential coefficients 

dfjx) dj{x) d^A^^ 
dx * dn^ ' dx^ 

Then, taking dy^ d^y^ d^y,, ... to represent the differentials of 
y on the hypothesis that dx is constant, and d'y, d'^y, d'^y,, . , . 
its differentials, supposing dx to vary, we have 

dy^f{x).dx'\ 
d'y^f{x).dx] ^ ^• 



d^y^f\x)dx^ \ 



d^y-f\x)dx^ \ 

d'"y =f'\x) dx' + ^f\x) dxd'x -vf(x) d^xj'"'^ ^ ' 

and so on to any order of differentiation. 

Now, by the aid of the relation subsisting between x and 0, 
dx, d^x, d'x,, . . . may be found in terms of 6 and dO, and there- 
fore, from (1), (2), (3),. ... we can obtain dy, d^y, d'y,. ... in 
terms of d'y, d'^y, d'^y, ... ,0, dO. 



48 SUCCESSIVE DIFFERENTIATION. 

From (1) we see that dy = d'y (4) : 

from (1) and (2) rf> = ^V + $ ^'^. 

dx 

,o dx d'\ - d^x d'y .. 

^y = ^ ' (5): 

from (1), (2), (3), we may get also 

,3 dx {dxd'^y - d^xd'y) > 2>d''x {dxd'^y - d^xd'y) 
ay ^-, ... (6): 

and so on for rf*y, rf*y, 

The second equations of the systems (1), (2), (3), may be 

written in a form which may serve to suggest to the memory 
that B is the independent variable corresponding to the differen- 
tials d'yy d'^y, d'^y, of y, viz. 

'^■r<-'^% •• w. 

J =/ (^) rf^ + 3/ (.) ^ - +/(^) _ (9), 



If we substitute in the differential equation 

dy d^y 



^ (- >' I - 



dx'"" ' ^' 



the values of dy d'y d^y 

di' d?' ^^"•' 

that is, the values of fX^)y f'(^% f'\^\- • • • 

obtained from the equations (7), (8), (9),. ... we shall have 
transformed the equation into an equivalent one 

/ dx d'x d'y d^y \ 
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or, eliminating x, 3^ , -jm ^ ^7 ^^ ^^^ ^^ ^^ relation 

du du 

between x and 0, 






Cor. Suppose that our object is to change the independent 
variable from a: to y : then, by the formulae (4), (6), (6), con- 
sidering d'y constant, and therefore equating d'^y^ d'^y^* ...to 
zero, we have 

d'y d^x 



dy = cPy, rf'y = - 



dx 



,8 - dxd^xd'y + 8 (d^xjd'y 
and so on, 

Ex. 1. Given (1 - x^) -^ - x-^ ■¥ n^y ^^\ 

to change the independent variable from x to 0, when x = cos 9, 

In this case d'y =f'(x) dx = -/'{x) sin OdOi 
differentiating again, considering d6 constant, we have 
<^> = '-f\x)dx sin 0rf0 -fix) cos %dff 
^f\x) sm'ede' -fix) COS ddS", 
d'\ . «. rfV dy 

and therefore the transformed equation is 

Ex. 2. To change the independent variable in 

from a: to 0, having given 

= log (a + X). 



I 



50 
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In this case 

d"y ./■ W <fce' d« +/■(») ef dff 

.f\z)fiffif\x)^dW. 
d'y -/ V) dxifdff^ 2f\z) e" rfS" +/ (») dx e' de'tf(x) e' 

. fix) ,^dff+ sflx) <?'dlf*/Xc)d>de', 



iTy 
dif 



,fi 



'{-*'r--S*H'-*'y^.*i'*') 



' w 



fS. 



rfx' 






which reduces the proposed equation to the for 



Order of Partial Differentiatiotis indifferent. 
48. The following is a theorem of great importance in suc- 
cessive differentiation i if 

then d^dt^u = d,,d,^u. 

For K"-f(y,^h>,y-:)-nyy.yd> 

and therefore 

KK'^ = {f^y> + ^yy • y^ + ^y.) - fiy> > ?= + ^J} 

= /(y.+ s^i ' y^+^J -/^y. < ^3+ ^yd -f(y,+ ^y, • yj +fiy,>yd- 

In precisely the same way it may be shewn that 

KK^= f(-yi^^y,> y^^^yi) -f(y,+h,' yJ-ZCyi-ys+^yJ+ZCyi^yJ- 

The right-hand memhers of these last two equations being 
identical, we must have also 

This relation is true whatever he the magnitudes of Sy^ and By^: 
if we proceed to the limit, by taking 8y, and Sy^ less than any 
assignable magnitudes, and replace infinitesimal differences by 
differentials, 

dyd.u^d.,dyji. 




A 




succESsm; differentiation. 

Expressing the theorem by partial differential coefficients instead 
of partial differentials, we have 

or, as these partial differential coefficients are ordinarily ex- 
pressed for the sake of brevity, 

d^u d'u 

CoK. 1. By virtue of the theorem 

dt^dv^u = df^dfjU, 

it is evident that the symbols dvj, d,j, of partial differentiation, 
may be permuted in every possible way : thus 

d'y,d,,u = d,, d,, dtju = d,^ d,, d,,u = d,^ d,, d,^u = dy, ^,,u, 
or, in the language of partial differential coefficients. 



\ 



Cor. 2, The theorem which we have estabhshed in relation 
to partial differentiation of functions of two variables, may evi- 
dently be extended to the general case of a ftmction of any 
number of variables : thus, in an expression 

d,~'d,^'^d.^-^ u, 

u being a function of y, , y^, y^i ■■■the symbols (/„ , d, , d^^,. ... 
may be permuted inter se in the same way as the symbols of 
quantity, A^, A„ A^,, . , .in an algebraical product 

^,"'. Ap. A;"' 

Ex, Let u = y^: then 
du ^ , 

T— i" = ^i"^' + ^i ■ log (y,) - Vy' ■ —^ — ' 



I 



SUCCESSIVE DIFFRHENTIATION. 



Agah 



= log y, • y^> 



/i fiy-i 1/, 



■ y," + ]«g (y,) ■ J/, ■ y'' 



-yr +y. 

Thus we see that the resulta 
differentiation. 
Ex. 2. Let 



if'gCyJ'y,'''"'- 

iro the same for both orders of 



sin ixy). 



Then 



dx 

d'u 
dydsf 
du 
di 
d'u 
dydx 



= y cos {xy), 

= -y'Bin(^j,), 

= - 2y sin (xy) - xy" cos (xy). 

=. y cos {xy), 

coB(xy)- xyBin(xy), 
- = -yam(xy)-y sm (xy) - xy' cos (xy) 



^^H dxdydi 

^^B = ~ 2y sin (xy) - xy'' cos (xy). 

Thus we see that 

d'u d'u 

Ldydx^ dxdydx 
T, in the language of differentials, 
i 



Successive Differentiation of an explicit Function of two 
Functions of a single Variable. 

49. Let u "fiy,, yjiy, and y, being each of them a function 
-far: then, by Art. (20^, 

Du _ du dy, du dy^ 
dx dy, ' dx dy,^ dx 



■ (!)■ 
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Differentiating again, x being considered the independent 
variable, and observing that, for convenience of writing, we 
may put, V being any expression functional of Xy 

dx dx 

we have ^4 = R (^ .^]^R (^ .±' 

dar dx \dy^ dx J dx \dy^ dx 

D fdu \ dy^ du D fdy^ 
dx \dy^J ' dx dy^ ' dx \dx 

D (du\ dy^ du D (dy^ 
'^di[diJ-d^,^d^,-di\di 

But, since y, and y^ are fiinctions of x only, and not of any 
functions of x, it follows that 

D dy^d dy^d'^y^ , D^ dy^ _ d dy^^^d^y^^ 

dx dx^Tx' dx'^d^' dx' dx^ dx' dx' da?' 

hence 

ITu _ D fdu \ dy^ D (du \ dy^ du d^y^ du d^y^ 
■ da? dx\dyj' dx dx\dyj' dx dy^' d^ dy^' da? ' 

du 
Now —- is equivalent to a function of y^ and y^ only, not 

involving the differential dy^ : thus, for instance, if w = y^y^y 
then — = ^yjf^y where dy, does not appear. It follows there- 
fore that in the expression 

D_(du_ 

dx \dy, 
we may regard dy^ constant without affecting results. JSence, 

-— now occupying the place of w in (1), this formula gives 

D f du\ __ d f du\ dy^ d f du\ dy^ 
dx \dyj ~ dy^ \dyj' dx dy^ \dyj' dx 

^ d^u dy^ d?u dy^ 
dy^' dx dy^dy^ dx 

^ d^ dy^ ^ flPw dy^ 
dy^ dx dy^dy^' dx ' 



S4 
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Similarly, we must have 

D I du\ d*u dy.^ 

dx \dyj dij^' dx 

Hence we obtain 

I^u _ d*u dy^ d'u dy^ a 

dx^ dy' d^ ^ySVi ' dx' I 



d'u 



d'u dyl 



du tPy^ du (f^j 

dy. ' dx* dii. ' dx* ' 



JWu 



d^ 



^yi 



d'u 



<^yi%. 



d'u 



We might proceed in the same way to find the expressions 

for lyu, Lftt, ; the formnlEe however rapidly rise into 

tedious polynomials. We have confined our attention to the 
successive differentiation of a function of two functions ; the 
extension however of the theory to a function of any number 
of functignB is too obvious to present any diiEculty to the 
student. Thus, supposing that 

the student will easily find that 





£Cu d'u dy; 
'Sf'dy-'TS 


' d\ 




• ^d%. dyl 






+ 2 


Xu 
dy.dy. 


dx dx 


dy,d,. 


dx 


*,j d'u 

dx dy^dy^ 


•Ly. 

dx 


•ty. 

dx 




\ 


^ du d'y, ^ du 
* dy,' dif* dy, ' 


3=^ 


du d''y, 

"d^^'~d^ ' 






Ex 


. Let 


u = sin iy, + y^. 


?!-■ 


^. y. = ^. 






Then 














du 

''y, 


, du 


=o.(y, 


+ S'J. 










-sinCy 




--.inCy.^ 


, d'u 


»(y, 


t?. 




I 



SUCCESSIVE DIFFERENTIATION. 55 

hence 

But ^ dy^ = dx, d^y^ = o, 

dy^ = "Ixdx^ d^y^ = 2(fe' : 
hence 

Ifu = - sin {x + a;') . ((£1^+ 4a: (&*+ 4a:^cfo») + 2 cos (a: + a^ rfiu*, 

^ = - sin (a; + a:*) . (1 + 4a; + 4a:*) + 2 cos {x + a:*). 

We might of course have obtained this result by first giving 
y^ and y, their values in the expression for u and then differen- 
tiating : thus 

u = sin {x + a:*), 

= cos (a: + a:*) . (1 + 2a;), 



dx 



= - sin (a: + a:*) . (1 + 2a:y + 2 cos {x + a:*). 



d(^ 

We may remark that, when u is expressed entirely in a:, as 
in the latter method of differentiating w, the expressions 

du d^u 

dx' da^' 

are equivalent to 

Du ifu 

dx * da? ' 

whereas, when we put 

u = sin (y^ + y^, 

du clu 

-=- , and -7-3 , are both zero, being in fact the first and second 

dx dx 

partial differential coefficients of u with respect to x, a letter not 

appearing in sin (y^ + y,). 



Stcccessive Differentiation of an implicit Function of a single 

Variable. 

50. Suppose that v = <l> (x, y) = 0, 
y being thus an implicit function of x. 
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^ Art. (32), we have 



He de dv dy 



.(\). 



I 



Differentiating again, x being coneidered the independent 
variable, we have, -y- now taking the place of v, 

d^ dx\dx} dx\dy)' dx dy dx\dxj 
But, by Art. (21), Cor. 

D fdv\ d_fdv\ d_/dv\dy 

dx\dx) dx\dx/ dy\dx) dx 

_ d'v d'v dy 

dx" dydx ' dx 

d'n d^e dy 

dx" dxdy ' dx ' 

dx \dyj dx \dy } dy \dyj dx 
d\ d^o dy 
dxdy dy' dx 

Also :?('^\.-?- 

dx \dxj dx 

Hence :?'? . 1"" + 2 ^^ . *+ ^ * + * "^....(2), 
dx' dx'' dxdy dx d^ di? dy dx" 

ns d^e , „ _ d'v , , d'n , , dv ,, 
or Ufv^ -r^dx' + a ^— - . dxdy + -r^dy' + — . d'u. 

dx^ dxdy " dy* "^ dy ^ 

From (1) we may get -~ in terms of the first order of partial 

differential coefficients of p, and therefore, from (2), we may 

eet ~. in terma of the first and second order of these coeffi- 
° dxr 

cients. The partial differential coefficients of d may be obtained 

in terms of x and y : hence -~ , -^,, mav be found in terms 
dx ax' 

of those two letters. We might proceed in the same way, by 




J 
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successive differentiation, to determine the third, fourth, fifth, 
&c. differential coefficients of y. The principles of this article 
the student will have no difficulty in extending to the succes- 
sive differentiation of the system of equations considered in 
Art. (23). 

Successive Total Differentials. 
51. Let u =f (y,, y^, y, and y, being independent variables : 
then, by Art. (24), 

Dn = d.,u + d,,u (1). 

Differentiating again we have 

XPm = Dd,jU + Dd^ (2J. 

But, (f,,M being a function of y,, y„ and a constant dy^, we 
have, by virtue of (1), d,^ occupying the place of w, 
Dd,^u = dg^ds^u + dy^dt^u 

Similarly Dd^u = d\u + d^d.^u. 

Hence, from (3), Ifu = d^y^u + 2d,^d^ u + d%^u. 

Proceeding in the same way, we easily see that 

Ifu = d^»,M + 3 d\d„u + 3 dy^d\u + tf^w, 
and so on, the law of the symbols of differentiation correspond- 
ing to the development of the binomial theorem : thus 

D''u = d\u + -d,' 'dyjU+ ——-—^d,,''~^d'w,ti+...+ ndr^dy^'''^u+d^u. 

This relation may be expressed symbolically, thus : 
£l"u = (dy, + dyj' u. 

Cor. If u =f{^y^, y^, y^,...y^), it may be proved in a similar 
way, viz. by induction, that 

i>M = {d,^ + rf^ + rf», + + d,J u. 

We may however establish this proposition by the following 
reasoning. By Art. (24), 

Du = (dy, 4 d,, + (/,,+ + (^O w ; 



u 



1 ^ ' .■•-■ • .- 



58 ' sxrccBssiVB differentiation. 



>- » . 



which shews tKaii the symbol of operation D is equal to the sum 
of the operative symbols d^y dy^y dy^,, . . .d^; hence 

= («^i+ <fva+ rf»3+"«<4„) (^1+ ^3+ rfv3+...+ rfyj W...(3). 

But the symbols di,^, dy^, dy^y .... dy^, are subject m^er se to 
all the laws of combination which belong to symbols of quantity: 
thus for instance 

dy^dy^ = dy^dy^, dy^dy^ = rf^yp dy^ + dy^ = dy^ + dy^l 

hence the product of the operative polynomials in. (3) is equi- 
valent to 

proceeding successively to the higher orders to total diflferentials, 
we get the general formula 

ITu =» {dy^ -f C&3 -f ei^3 +. . . .+ dy^ u. 

Successive Differentiation of an explicit Function of three 
Variables one of which is a Function of the other two. 

52. Suppose that u-f{x^ y, z)^ 

z being a fdnction of a; and y, two independent variables. Then, 

by Art. (25), 

Du _ du du dz . 

\dx dx dzdx 

Du __du du dz 

dy dy dz dy 

DiflFerentiating (1) with regard to x^ we have 

^^^(du\ D(du\ dz duDfdz\ 

da? dx \dx) dx \dz J ' dx dz dx \dxj 

du 
But, ~ being a function of x, y, z, we have, by virtue of (1), 
ax 

putting — in place of u, 
ax 

D ldu\ d^u d^u dz 



similarly 



dx \dxj da? dzdx ' dx * 
D fdu\ _ d^u d^u dz 
dx\dzj dxdz dz^ dx* 
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Also^ since z is a fiinetion of x and y alon'e^ :w3.i since the 
expression 

dx \dxj' 

dz 
denotes the total differential coefficient of -3- , a function of x 

dx 

dz 
and y, only so far as the variation of -— is affected by the varia- 

dx 

tion of X when y remains constant, it is plain that 

dx \dx) dx^ ^ 

d^z . * 
where ^-^ is the second partial differential coefficient of z with 

regard to x. 

Hence, from (3), 

IJ^u d^u ^ d^u dz d^u ds? du d^z 

In like manner, from (2) there is 

ITu dPu ^ d^u dz d^u ds? du d^z 

= — 4. 2 + + , 

^y^ ^]t dydz dy ds? dy^ dz dy^' 
Again, from (2), 

ITu^DfdtA ^ (du\ dz da B ( dz 



dxdy dx \dyj dx \dz ) ' dy dz \ dgc \dy ^ 

But, from (1), putting -7- > -7- ^ successively for w, 

dy dz 

D f du\ _ d^u d^u dz 
dx \dyj dxdy dzdy ' dx ' 

Dfdu\^ d^u d^u dz 

dx\dz J dxdz ds? dx 
hence I ■ : 

ly^u d^u d^u dz d^u dz d^u dz dz (fej d^z 
dxdy dxdy dydz * dx dxdz ' dy ds? ' dx dy dt ' dxdy 

We have therefore determined formulae for the values of 

lyu Ifu Ifu 

ds? ' dxdy ' dy^ ' 




we might proceed to find the differential coefficlenta of higher 
orders by a continuation of precisely the same kind of processee. 

Cor. Suppose that u = fix, y, z) = 0, 
there being no other equation connecting z and y : z will thus he 
a function of a; and y. Then, from the equations of Art. (27), 
Da du da dz _ 
dx dx dz' dx 
Du du du dx 
dy dy dz ' 

we shall obtain, by the simple repetition of the preceding 
reasonings, 
JJu _d'u d'u dz d'u dz^ du d'z _ 

da? d^ dxdz dx dz^ ' rfar* dz ' rfa^ ' 
Ifu d'u d'u dz d'u dz' du d'z 
<^y* t^y' dydz ' dy d^ d'^ dz ' dy' 
D'u d'u d'u dz 
dxdy dxdy dy 

From these five equati 



- = 0, 



d'u dz d'u dz dz du d^z 
dx dxdz dy d^ dx dy dz dxdy 
can determine 



dz dz d'z d'z d'z 

dx dy d^ dxdy dy' 
the partial differential coefficients of the implicit function z, in 
terms of the partial differential coefficients of u, and therefore 

in terms of the variables x, y, z. 



CJiange of Variables. 
63. Let it be proposed to change the variables of an equation 



/ «. y^ 



^ ^ ^ 



,.(1) 



dx ' dx' ' dj? '' " ' 
&om X and y into two variables * and t, t being, in the trans- 
formed equation, and x in the proposed equation, the inde- 
pendent v.iriable. We suppose s and i to be connected with 
X and y, which by virtue of the equation (1) are functional of 
each other, by two equations 

<t> (x, y,s,t)^Oy 

^ix,y,s,t)=Ql " 



. (2). 




J 
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Differentiating these equations successively n times each, 



in (1), and regarding x, y, s, as implicit functions of (, 
get 2b equations which we will denote by 



^' = 0, 
■f°= 0, 
■f' = 0, 



0" = 0, -f- = 0. 

From these equations, in conjunction with the equations (2), 
we may obtain expressions for the 2n + 2 quantities 

dx d'z d'x d'x d'y d'Sj d^y d'°y 

'^' di ' ~dt^ ' df ' "' ~dF ' ^' 'di ' HF ' 'W '" If' 



in terms of 



:, t, - 



ds 



' dt' df de'"' dV ' 
But, by Art. (47), we ai'e enabled to obtain expressions for 



in terms of 
dx <£x 
dt' di" 



dx dx* dx' 



dt' ' 



dr' 



dt ' 



dx'^' 



di' 



df ' 



de- ■ 



Hence we are able to obtain expressions for y and its n 
differential coefficients with regard to x, in terms of s, t, and the 
n differential coefficients of s with regard to t. The equation (1) 
may therefore be transformed by substitution into an equivalent 
one , ^„ ,„^ ^3„ ^.„^ 



dt' df 



df 



dtr 



Transformation of ot 



: system of i: 
another. 



54. 

and y 



Let « be a function of two independent variables x 
We propose to express the partial differential coef- 
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ficients of a, taken with regaid to x and y, in terms of those 
of another function )■, taken with rcgavd to two other inde- 
pendent variables d and i/i. The six variables x, y, z, r, 6, <f>, 
are supposed to be connected together by three equations 
F(x, y, z, fl, *, r) = 1 

Fjx,y,z,d,<i>,r) = \ CO. 

F, (ar, y, z, fl, 0, r) = J 
any four of the six variables, since z is by the supposition some 
function of z and y, being tlius functions of the two remaining 
ones, which will be entirely arbitrary. 

It is evident that r may be regarded either as a function 
of X and y alone, or as a function of 6 and alone, 6 and ^ 
being in the latter case regarded each of them as a function 
of X and y alone. Hence wo see that, first considering y 
and next x as coi^tant, 

dr _ dr d9 dr dtf> '\ 
dx d0 ' dx d<i> dx \ 

^ \ C2), 

rfr _dT dd dr d^ 
dy dd ' dy d^' dy > 

; being the partial differential 



d8 dO 



; and 



dx' dy' dx' dt/' dx dy' 

coefficients of r, 6, and ^, with regard to x and y, when 

r, 6, and 0, are expressed entirely in terms of x and y; 

—-,-—-, being the partial differential coefficients of r, with 
do dip 

regard to and ^, when r is expressed entirely in terms of 
6 and ^. 

Again, from the equations (1), we have, y being considered 
constant, 

I)F_ dF dB dF d^ dF dr dF dF dz _ 
dx dd dx d<li dx dr dx dx ds dx 



DF, 



dF,d0 rfp; ^ ^ rfp; rfr dF, dF, ds 
dS dx d^ dx ' dr dx dx dz dx 



DF, 


dF, de dF, d^, dF, dr dF, (IF, dz 


dx 


de dx* di, dx'' dr dx * dx* dz dx 



...f3). 




SUCCESSIVE DIFFERENTIATION. 68 

Considering x constant^ we have from (1), 

DF dF de dF d6 dF dr dF dF dz ^, 
dt/ du dy d(f> dy dr dy dy dz dy 

pF\^dF^de dF^d^ dJF\dr dF\ ^^^X f4>) 
dy dO dy d<f> dy dr dy dy dz dy 

DF. dF^ de dF^ dd> dF, dr dF^ dF^ dz ^ 

— ? = — ? — I- — • — L. ^ ? 1- — ? 4 — ? — =0 

dy dO dy d<f> dy dr dy dy dz dy 

From the former of the equations (2) combined with (3), we 

may determine 

dd d<f> dr dz 

dx^ dx^ dx^ dx^ 

' ^ r dr dr 

in terms of — ^ , — — : 

du a(f> 

and, from the latter of equations (2) combined with (4), we 

may find dd d^ ^ d^ 

dy' dy ' dy ^ dy^ 

, . ^ ^ dr dr 

also in terms of -^^ , --— . 

du d<l> 

The above conclusions enable us to transform an equation 

/•/ dz dz\ ^ 

into an equivalent one 

Proceeding to the second order of partial differentiation we 
shall have, from (2), expressions for 

c?V rfV rfV 



in terms of 



cfo' ' dx dy' dy^ ' 

dr dr d^r d^r d^r 

de' d^' dff" Wd4>' d4^' 

d0 d0 dPe d^ d^ 

dx' dy' da? ' dx dy' dy^ ' 

d^ d^ d^ d^<f> d^ 

dx' dy' dx^ ' dx dy' dy^ ' 




p 



From (3) and (4) 


we shall have nine equations 


IfF 




"■^. n 


■0"^. 


dz! 


Of 


-d^-°' 


^■° 


IfF 
lUdy 


0, 


dx dy 




IfF 
if' 


0, 


df 


dy 


dz 
v.l™g ^-, 


d: 

dy 


d'z d 
dx" dn 


dy' df 


dr 


dr 


rfV d 


r d'r 


dx 


* 


<&■■ dx 


dy' dy- 


de 


de 


d'e d 


B d'e 



. (s). 



do:' dy' d^ ' dx dy ' dy' ' 
# d<^ <f0 ff<f, rf'ji 
(ir ' (/y ' rf:^' ' dx dy' dy' ' 

The three equations for — — , - — - , —- , obtained from (2), 
dx' dx dy dff 
together with the equations (6), twelve equations in all, will 
enable us to express the quantities 



I 



k 





<&• 


dx dy ' dy ' 






fr 


d'r d'r 






d? 


dx dy ' dy' ' 






d'e 


d'e d'e 






m- 


dxdy' dy" 






d'^ 


d'^ d'4> 






s 


dxdy' df ' 




dr 


dr 


d'r d'r 


d'r 


re 


# 


de" ded^' 


dr 


dz 


* 


dr de de 


d4, 


dy- 


&' 


dy' dx' dy ' 


dx 
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the last eight of these quantities being, as we have before 
shewn, expressible in terms of 

dr *dr 
Jd' d4>' 

From the above conclusions we arc enabled to transform 
an equation 

^/ dz dz d*z d*z ^*^V n 

/^^,y,^, ^, ^, ^, ^^. dp)^ ' 

into an equivalent one 

r ( A A T ^^ ^^ ^'^ ^'^ 
Ji[^^%r, ^, ^^, ^^, ^^^^, 

We might proceed, by a continuation of the process of suc- 
cessive diflFerentiation, to the transformation of partial diflFerential 
equations in x, y, z, of any order whatever to equivalent ones 
in 0, if>, r. It is easily seen also that the same method of 
transformation may be extended to differential equations involv- 
ing any number of independent variables whatever. 

Ex. Transform the differential equation 

d^ ^^0 
dx* dx^ 

where x and y are the independent variables, into one in which 
d and ^ shall be independent variables, having given that 

a; = r cos 5, y = ♦' sin 0. 
We have, considering y constant, 

dz _^ dz d6 dz dr 
dx d0 dx dr dx' 

But, since :c' + y' = r*, and - = tan 6, 

X 

there is — - = _ = cos 5, 

dx r 

and ?sec'5 = -i', f = -1: 



dx of dx r^ 



F 
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hence di' ' 7' Td^ '''' ^ ' dr' 

drz y fdh dd d^Z' dr\ 2t/ dr dz 
d£°~ ?\d^ di "^ ATdB dx)'^'? dxdd 

-sin 6—— B0(-^^-+— — 

dx dr \d0 dr dx dr* dx 

_ ly /' '''^ y . POO fl <^'* ^ 4. 2y ^^ ^ <^« 
""f^V"^ ? di^e) ■" f> de 

y sin dz a( V d^^ a ^^ 

■'-l^d-r^'^'^[-^Wdr"^^d?, 

sin' d^z 2 sin 5 cos 5 d^z 2 sin cos dz 
"~1^~" d^ r drd0^ ? '■ d0 

siu' dz a ^ d^z 

+ -r + cos' --2 . 

Putting ^7r-0 for 5, the expression for — ^ will be changed 

d^z 
into that for -r-^ : hence 

d^z _ cos' d^z 2 sin cos ^ rf*« 2 sin d cos dz 
^"~7~ ^■*" r drd0 7 10 

cos' dz .2/1 rf*^ 

+ -rr- + Sm^ C' --„ , 

r dr dr 

and therefore 

d7?^ df' t" dO""" r dr'^ dr" " 
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CHAPTER IV. 



ELIMINATION OF CONSTANTS AND FUNCTIONS. 



Elimination of Constants, 

55. Let the equation e^ = (1) 

involve n constants together with two variables x and y If we 
differentiate this equation successively n times, we shall obtain 
n differential equations 

Du^O, ITu^O, D'u^O, Z)"w = 0, 

involving the n constants, the variables x, y, and the 2w dif- 
ferentials ^^ a% d'x, d^x, 

dy, d'y, d^y, rfy 

If we suppose dx to be constant, then d'^Xy d^x, . . . rf"a:, will 
disappear from the equations. We shall thus have w -^ I equa- 
tions involving n constants ; and therefore, eliminating the con- 
stants, we shall arrive at a differential equation of the n^ order 
in regard to the differentials of x and y, or, if x be the inde- 
pendent variable, of the n^ order in regard to the differentials 
ofy. 

Ex. Let {x - af + (y - bf = c*, 

a J by c, being constants : then 

(x - a) dx -\- (y - b) dy = 0, 

{x - a) d^x -\-(y - b) d^y + dx^ + dy^ = 0, 

{x - a) d^x -^ (y - b) d^y + ^dx d^x + Sdy d^y = 0. 

From the first two of these differential equations there is 

_ dy (dx^ + dy'^) h - ^^ ^^^^ "^ ^^^^ 

dx d^y -dyd'x^ dy d^x - dxd'y ' 

F 2 
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and therefore, from the third, 

(da^ 4 dy^) {fV'xdy ~ dx d^y) + 3 {dx d'x-i dy d''y) (dx dhj - d'xdy)=0. 

If X he taken as the independent variahle, 

d'x = 0, d'x = 0, 
and the result ia reduced to 

- (dx' + dy") dx rfV + &dxdp {d'yf = 0, 

(-£)3-4(S)'-- 

We may also express the constants a, h, r., in terms of the 
second differentials of the variahles. In fact 



dxd*y- dyd''x 

, _ jdx' + dy'f 
(dxd'y-dylPxf 



dx (dy-i^dx') 
dyd^x-dxd^y ' 



Partial elimination of the Constants. 
Instead of diffrrcntiiiting the equation 



•1= a . 



..(1) 



n times, suppose that we differentiate it successively only tn times, 
m being some number less than n. Then we shall have tn + 1 
equations involving n constants : we may between these equa- 
tions eliminate m constants, and shall thus obtain an equation, 
of the m^ order of differentials containing n - tn arbitrary con- 
stants. Since the m constants which we eliminate may be 
chosen arbitrary, it is evident that we may form as many equa- 
tions of the order m, containing n - m constants, as there are 
combinations of n things taken «* at a time ; we may therefore 
obtain of such equations a number 

n[n-\)(n- 2 ) (n - m + 1) 



I 



If we differentiate any one of these differential equations n - m 
times in succession, we shall have altogether n - m + 1 differen- 
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tial equations involving n - m constants. By the elimination of 
these n - m constants we shall arrive at a diflFerential equation 
of the n^ order. It is important to remark that this final 
differential equation will always coincide identically with that 
obtained by the process of Art. (55), That such must be the 
case will be evident when it is considered that neither method 
of elimination involves any limitation of the generality of the 
variables and their differentials, and that accordingly the results 
must in both cases be perfectly general. 

Ex. Let (x - ay + (y - J/ = c*: 

then (x - a) dx + (y - b) dy = (I), 

(x - a) d^x + (y - b)d^y + da^ + dy^ = .... (2). 
Eliminating a between (1) and (2), we have 

(y - b) (dxd^y - d^xdy) + dx (dct* + dy^) = (3). 

Differentiating (3), we have 

(y - b) (dxd^y - d^xdy) + dy (dxd^y - d'xdy) + d'x (dx^ + rfy') 

+ 2dx (dxd^x + dyiPy) = 0, 
or (y - b) {dx^y - d^xdy) + 3efe (dxd^x + dyd^y) = 0. .(4). • 

Eliminating b between (3) and (4), we get 
{ds? + dy^) {d^xdy - dxd^y) + 3 {dxd!^x + dyd^y) {dxd^y - d^xdy) - 

a result coinciding with that obtained by the method of 
Art. (56). 

Elimination of irrationaly logarithmic y exponential, and circular 

Functions of known Functions. 

57. Let u =/(x, y, c^, c,, c,, cj = 

be an equation between two variables x and y ; where c^, c^y c^, 
....c^, are n irrational, logarithmic, exponential, or circular 
functions of 5^, s^y s^,. . . ,s^y respectively, s^,s^y s^,. . . ,s^, being 
known functions of x and y. If we differentiate this equation 
successively n times, we shall obtain n differential equations 

I)u = 0, D'u = 0, Vu = 0, D'u = 0, 
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involving the differentials of x and y up to the n^ order, together 
with the w** expressions 



dc^ 


d'c, 


d\ 


<?•<;, 


ds/ 


ds," 


ds^ '■ ' 


• • ds,' ' 


dc^ 


O'c^ 


d^c. 


cPSc, 


ds^' 


dsy 


ds: '• • 


" ds,"' 


dc^ 


<fc. 


A 


d"c^ 


ds/ 

• • 


dsy 

• • 


• • 


■• dsr 

• • • 


• • 
dSn' 


• • 


• • 

ds' '• • 


• • • 

d^c 
dsj^ 



Now the first rank of these expressions can be expressed in 
terms of c,, the second in terms of c^, the third in terms of Cg, 
and so on : hence we shall have, in all, w + 1 equations containing 
the n functions Cj, c^, Cg,. . . .c^. We may therefore eliminate 
these functions, and shall thus arrive at a differential equation 
of the nf^ order in x and y, 

Ex. 1. To eliminate the functions 

, . I)' ©■ 

from the equation 

-©■^©■■- <"■ 

where m and w may be supposed to denote any numerical 
fractions. 

Differentiating (1) we obtain, dx being considered constant, 

dx a" cT 

■ d'y _ m(m - 1) n(n - I) 

dx^ or 



a' 



^ = ^rfY.«Yf' 



whence ^£ = »»(- + M " 1 (2), 



m / \ '« 



** S " "* ^"^ " ^^^ ) ^ " ^^ ~ ^H « ^ • • ■ * '■^''" 
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From (I) and (2 1 we have 

ny - X -f =^ \n - m) - ; 
ax \a 

also, from (1) and (3;, 

«(n- l)y- j:»-^= {»(« - l)-//n#n- I)} -: 



= (/I - Hi) (in + w - 1) 



^n- I) -V: 
from these last two equations we get 

or mnu - (w -^ » - 1) 2: -^^ -^ j:' -^ = 0, 

a differential equation of the second order. 

Ex. 2. To eliminate log x from the equation 

y = X log a:. 
Differentiating, we have 

| = log^.l, 
whence x j- - x log a: + a: = y + j:. 

Ex. 3. To eliminate sin {x + y) from the equation 

y = sin (a; + y). 

Putting — = y', for the sake of brevity, we get, by differen- 
tiation, y = cos (:r + y) . (1 + y ), 

'2 

(TT7)' = "^^^ (^ ^ y> 

But, from the proposed equation, 

y* = sin' {x -4 y) : 



5-" 
or 



.a . y 



'3 



hence " y + TT"— 75 = ^» 

(1 + y) 
y' (1 + yl + y" = (i + y /• 



TZ 
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Ex. 4. To eliminate the exponential functions from the 
equation ^^y ^ f,^-, ^y^ ^ ^^-,_ 

Differentiating we get 

foe* - be') y' = fe" - ge~', 
{a^ - he-') y + (ae* + be-'} y^ = /e" + ge' ; 
whence {fif - ge--)y' ■>ry'^ [fif 'r ge")^ ,J {fe ^ ge-) ... (1). 

Differentiating (1), 
{fe + ge ')y + (/e'- ge') y'" + 3y"y' (/e* + j/e") -f y'= {fe' - ge ') 
= {fe - ge-') y- + f/e" + ge') y\ 
or ?.yy {fe- +<je') = {t/ - y" - f) {f(f - ge'') : 

but, from (I). 

y (fe - ge") = {y' - y") {fe + ge') : 

multiplying together these last two equations, we get 



I 



Elimination of an arbitrary Function of a known Function. 

58. Suppose that u = <^(c), 

where w, jj, are known functions of three variables x, y, z, and 
^ (c) a perfectly arbitrary function of p. 

Differentiating this eq^uation, first with regard to x and next 
with regai-d to y, we have 

dx '^^^^' dx' dy ~ ^^^'' dy ' 



and therefore -=— . -=-- ■ 



t 



Da_ Dv Du Dt 

dx ' dy dy ' dx' 

/du du dz\ fdc dv dz\ 
\dx dz dxj \dy dz dyj 

_ fdu du dz\ /dv dv dz' 

\dy dz dy) ' \dx dz dxj 
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fdu dv du dv\ dz fdv du dv du\ dz 
\dz * dy dy* dz) ' dx \dz ' dz dx' dz ) dy 

du dv du dv 
"d^'di'^di'd'y' 

Thus we see that, although the equation u= (f>(v) varies in an 
infinite number of ways, with the variation in the form of the 
function ^ {v) of v^ yet that all this family of equations possesses 
one common partial differential equation. 

Ex. Eliminate the arbitrary fimction from the equation 

l:if = A f Iz-f ' 

y - b \X'- a 

Differentiating, first with regard to x and ' then with regard 
to y, we have 

1 dz ,, fz - c\ D fz - c 



y - b' dx \x - ajdx\x " a 

Eliminating (f> ( j between these two equations, we see 

that 

x-a dz dz 1 f, ,. dz . Of/ \^^ r \1 



whence (a: - a) — - + (y - J) -- = 2 - c. - 

ax ay 

59. If the arbitrary function ^ (v) involves y only, then it is 
suflicient to differentiate with respect to a: : in fact 

Du ^ du du dz 



• 
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the arbitrary ftmction being thus eliminated by one differen- 
tiation. 

Ex. Let z = xt/ (f> (y), whence 

X 

then —A^-i — ^=0, or X -—- - z, 

X \ ax y ax 



Elimination of any number of arbitrary Functions of known 

Functions, 

60. Let there be an equation 
involving m arbitrary functions 

where Cj, c^j ^3> ^m» ^® ^ known functions of x^ y, ;?. 

If we differentiate the proposed equation n times we shall 
have, in all, the following equations, 

w = 0, 

— -0 — - 
rfa: ^ dy 

— r.0 -^ = — = 



the number of which is 

1 + 2 + 3 + + (w + 1) = ^ (» + 1) (;i + 2). 
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These equations will involve the following functions, 

H<'x\ U<^^^ Ho^\ ^iO. 

<t>:icd, *;(cj, <t>:{c,), ...... <f>:{cj, 

4>:'(c,), <^;xc,), <f>:(cj, <i>jicj, 

• ••• ■•••• 

• •••••••• 

«^,"(c,), <!>,' (c,), <l>,Xcj. ^„-(0, 

the number of which is m (w + 1). We have therefore m(n + 1) 
functions and g (n + 1) (n + 2) equations : in order to eliminate 
these functions it is sufficient that 

l(n + l)(n -\- 2)> m (n + 1), 
n + 2 > 2m, 
?i > 2m - 2, 
or n = 2m - 1 . 

The number of quantities to be eliminated will therefore be 

VI (n + 1) = 2m^'y 
and the number of equations involving them 

^(n -^ l)(n + 2) = I . 2m (2m + 1) = 2w' + m : 

we shall therefore arrive at, as the result of our elimination, 
m partial differential equations between the variables x, y, z, 
of the order 2m - 1 . 

If m = 1 , then 2w-l = l; ifw=2, then 2m - 1 = 3 ; if w = 3, 
then 2m - 1 = 5, and so on. That is, if there be one arbitrary- 
function in the proposed equation, there will be one final equa- 
tion of the first order ; if two functions, two final equations of 
the third order ; if three functions, three final equations of the 
^iMlk order, and so on. 

This is the general theory of such eliminations : it frequently 
happens however, for particular forms of the proposed equation, 
that the elimination may be effected without proceeding to so 
high an order of differentiation, and arriving at so many final 
equations, as would be implied by these general considerations. 
So that we must consider the general theory as defining the 
number of sufficient, but not in all cases the number of neces- 
sary differentiations. 
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' CON'STANTS 



Ex. 1. Eliminate the arbitrary functions from the equatiou 
3 ■= ar 0(3) + y x(j). ' 



Putting 



tA'). 



- x,W. 



t.W 



0- )!((,;« ■ 






and therefore, putting ^j(s) = XiW ■ /(^), 









•/«: 



differentiating this equation, first with regard to x and next 
with regard to y, we get 

d^z dz dz d'z _ *, dz /i^^V 



rfa^' 



t?"£ dz dz d'z 
dxdy ' dy dx' dy^ 
eliminating /"(s), we have 
(dz\ 



n^) . 



U) 



Thas we see that, instead of two final equations of the third 
order, we have a single equation of the eecond order. 

Ex, 3. Suppose that 

a = « (a; + y) + ay i/- (a: - ?/). 

The elimination of the arbitrary functions in this case can be 
effected only by proceeding to partial differentials of the third 
order, there being two final equations of this order, a result 
in harmony with the general theory which has been laid down. 
For the discussion of thia example the student is referred to 
Lacroix, Traili du Caleul Diffirenliel , torn, i, p. 231. 
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Ex. 3. To eliminate the arbitrary functions from the equation 
The two functions are readily reduced to one : thus 



/(^i-/j 






i-K 



► = a function of - , 

X 



and 



<s^)- 



X 



^ 



. = a function of - : 

X 



hence 



. = «,? 



^ being a symbol of arbitrary functionality. Differentiating, 
first with regard to x and then with regard to y, we have 

dx \xj ' of ' 

and therefore a: -7- + y -r- = 0. 

ax ay 

This result would have been obtained by differentiating the 
proposed equation, without modification : the operation would 
however have been more tedious. 



Elimination of arbitrary Functions of unknown Functions, 

61. Suppose that we have two equations 

«^ = / {^> y> ^> Cy i>(c)y X(^)y } = ^^ 

v = F{x, y, z, c, 0(0), x(^)> } = ; 

c and z being therefore implicit functions of x and y. The 
functions ^(c), %(c), are supposed to be m arbitrary 
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functions of c ; whence it follows that c is an arbitrary function 
of X and y : for, supposing z to be eliminated between the two 
equations, we shall obtain an equation between x, y, c, of which 
the form is arbitrary. We propose to eliminate by differen- 
tiation the m arbitrary functions of c and the function c itself. 

If we differentiate the proposed equations n times succes- 
sively, we shall obtain the following equations. 



-- -0 
dx 



Du ^ 
= 



Dv 



dx 



= 0, 






do^ 

dx"^ ^' 
dx' 



= 0, 



= 0, 

dx^dy 
dx^dy 



dxdy 

ITv 

dxdy 

= 0, 



= 0, 



dy 
Dv 
dy 

= 0, 



= 0, 

dxdy^ 

Ifv 

dxdy^ 



= 



I 



dy" 

dy' 
= 0, 



= 0, 



= 



= 



?■ 9 



dif 

df 



= 



= 



the whole number of these equations, together with the two 
original equations, being 

2 {1 + 2 + 3 -f + (n + 1)} = (w + 1) (w + 2). 

These (7^ + 1) (w + 2) equations will involve the quantities 

dc dc 
dx^ dy^ 

d'c d^c d'^c 
dx^ * dxdy * dy'^ ' 

d^c d^c d'c d'c 

d£'' d^y' d^^' df' 

d^ d^'c d'^c _^''^__ ^"^ ^"^ 

dx"" ' dar'dy ' daf'-^df ' Jx^dy^'' ' dxdy'^' ' dy- ' 
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the number of which is 

1 + 2 + 3 + 4 {n+ l) = l(n •\- 1) (w + 2), 

and also the fiinctions 

<t>(c), <t>'(c\ <\>"{c\ <i>\c\ 

X(^). X(0, Xlc\ x»(c). 



of which the number is m (w + 1). 

Thus we shall have (n + 1) (w + 2) equations, between which 
it is proposed to eliminate quantities of which the number is 

equal to 

^ (w + 1) (n + 2) + m (n + 1) : 

for this purpose it is sufficient that 

(n + 1) (n + 2) > J (^^ + 1) (n + 2) + w (n + 1), 

\{n-\- 1) (w + 2) > w (n + 1), 

J (n + 2) > m, 

n > 2m - 2 ; 

or that n = 2m - 1 . 

We shall have then, for the number of the equations, 

(n + I) (n + 2) = 2m (2m + 1), 

and, for the number of the quantities to be eliminated, 

3 (^ + 1) (w 4- 2) + m (7i + 1) = w (2m + 1) + 2m^ = 4m' + m. 

It follows that, when the elimination is completed, we shall 
arrive at m partial differential equations, of the (2m - 1)*^ order, 
which will be satisfied by all the equations which are compre- 
hended under the general forms of the two proposed equations. 

It frequently happens however that the order of the partial 
differential equations necessary for the elimination of the m -f 1 

quantities c, (f> (o), x (p)> ^^ lower than the (2m - 1)***. 

Suppose for example that there are three arbitrary functions 
^(p)y x(^)> ^(^)' i^ t^is case m - S, w = 2m - 1 = 5 : we see 
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then that generally to effect the proposed elimination we should ] 
have to proceed as far as the partial differentials of z of the 
fifth order, and shoidd arrive at three partial differential equa- 
tions of this order, between x, y, z. But if we establish the 
relatiom j;C») - *'W. *W - *W. 

that is, if the equations are of the form 

/ [x, y. z, c, 4ic), </.'(c), <f{c)] = 0, 
F {x, y, z, c, <^{c), <f>Xc), <f>Xc)} = : 

then, if we proceed as far as differentials of the second order, 
we shall have, in all, twelve equations, between which we may - 
eliminate the eleven quantities 

dc dc d^c d'c d^c 
' dx' dy' da? ' dxdy ' dy^ ' 

0(c), ^'{c), 0"(c), 0"'Cc), 0'"'(c), 
the result being a single equation between x, y, z, involvin] 
partial differentials of s only to the second order. 

Ex, Eliminate the arbitrary functions from the equations 

^<i>(c)+ yx(^)+ 2 1^(0= 1 (1). 

X 0'(c) + y x'Cc) + z i'lc) = (2). 

Differentiating (1), with respect to x, we have 

{^ f (.) + y xW + « *■(«)} S + *'°) "" S *'"' ■ "■ 
whence, by the aid of (2), 

- 0(c) + J 0(c) = (3). 

Similarly, differentiating (1) with respect to y, 

xW + ^+M-o (4). 

From (3) and (4), putting 
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J- 

we have /(c) + _ = o (6), 

From (5), we get /(c) J + £ = «' 

dy ducdy 

and therefore J . g * . ^J. (7). 

ay cbr ax dxdy 

In like manner, from (6), 



dx ' dy^ dy * dxdy " ' 



From (7) and (8), we get, as our final result, 

da^ ' dy^ \dxdyj ' 



Elimination of arbitrary Functions when the number of 
independent Variables exceeds two. 

62. In the preceding considerations respecting the elimi- 
nation of arbitrary functions, we have always supposed that 
there are only two independent variables. We will now pro- 
ceed to develop the theory of elimination when the number 
of independent variables is any whatever. For the sake of 
simplicity we shall confine ourselves to the case where it is 
not necessary to proceed to partial differentials beyond the 
first order. 

Let f{x, y,z, w, c) = 0, 

x^yyZ, being (m + 1) independent variables, and u the 

dependent variable. The quantity c is supposed to be an 
arbitrary function of a, /3, y, . • . . which are m known functions 
of a:, y, «,. .. .and w. 

G 
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Multiplying these differential equations in order by x, y, z, 
and adding, we get, attending to the proposed equation, 

. ^.fdu du du\ xy « . / on 

- m(m - \) u + — ^> 

z 

, du du du xy 

whence ^3- + y'7- + ^^- = ^w + — . 

ax ay dz z 



g2 



( ^4 ) 



CHAPTER V. 



EVALUATION OF INDETERMINATE FUNCTIONS. 



Indeterminateness of explicit Functions of a single Variable. 

f(x) 
68. Suppose that <^ (x) = ^tM > 

and that, when a particular value x^ is assigned to Xy f{x) and 
F(x) both become zero: the value of <f>{x) will, for such a 
value of Xy present itself under the indeterminate form J. We 
proceed to investigate a rule which is often useful for the deter- 
mination of the true value of <^ {x^. 
We have generally 

and, for the particular value of x^ of Xy 

hx 

X and hx being supposed to be replaced by x^ and ix^ in the 

expressions for 

if{x) SF(x) 

Bx ' 8x ' 

which are generally functions of x and Sx. Passing to the 
limit, when Si^^ becomes less than any assignable quantity, we 
have 

it being supposed that, in the expressions for the functions fix) 
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and F (x)y z^ is substituted for x. In other words, for any value 
oix which makes y(a:) = and F{x) = 0, the value of 

fix) 



is the same as that of 



Fix)' 



F{xy 

If, for this same value of Xy f{x) = and F{x) = ; then, 
by the application of the. same principle, we see that, for this 
value of a:, 

F(x) " F'{x) ' 

FKx) rix)' 

and so on. If /*■(«) and F\x) are the lowest differential coeffi- 
cients of /(x) and F(x), of which both do not vanish for the 
particular value aj„ of x, then the true value of ^ («„) will be 

an expression representing the value of 

vA ; • when x = a:.. 
F^ixY ' , 

Ex. 1. To find the value of 

<f)(x) = , when x = 0, 

X 

Here /(«) = a* - J-, 

^(x) = X : 
hence 

/'(x) = log a • a* - log J . i" = log a - log b, when a: = : 

<&'(«) = I : 
thus J^) = ^°Sj' 

or ^(0) = log r . 
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Ex. 2. To find the value of 

<A(^) == 3 > when X = 0. 

JO 

Here f{x) = a: - sin rr, 

F{x) = a?\ 
hence f'i^) = 1 - cos a: = 0, 

f'{x) - sin a; = 0, 
F'{x) = 6a; = : 

/'"(iz^) - cos a: =1, 
F"{x) = 6. 

Hence ^(0) J^^^ = 1 . 

Ex. 3. To find the value of 

^(x) = (1 - a;) tan — , when a: = 1 . 

Putting the equation under the form 

r-i . . TTX 

(1 - x) sm — 

*^^^)= TT-' 

COS 

2 

we see that f(x) = (1 - a:) sin — , 

i^(a;) = cos — : 
^ ^ 2 

hence /Ta:) = - sin — + - (1 - a;) cos — = - 1, 

J \ J 22 2 

Fix) sin — = - - ; 

^ ^ 2 2 2 

and therefore ^(1) = =^~~( = - . 

x* (1) IT 
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It would have been however more simple, observing that 



irx 



sin — =1 , when x= 1, to have sought the value of 
J* 



4>{x)^ 



1 -X 



cos 



irx 



instead of 



<f>{x)^ 



(1 - X) sm — 



cos 



TTX 



We should then have 

f{x) =1-2:, 

F{x) = cos Y > 
nx) = - I, 



•nv/ \ 'T . TTX IT 

F(x) = sm — = — , 

^^22 2 



and, as before. 






Ex. 4. To evaluate 



6(x) = (a* - x^) . cot -I - 1 ) y , when x = a. 

By an obvious transformation we have 



(l>(x) ==(a + x), cos < 



i V a + a; y J ' . 
"" ^ ^ -^ sin ^ 



(a - a?) 



4 






9 

/« xi (a - a:) , 

= (2a) . ^ . '^ L., , when x = a. 
. JTr /a - a:Y\ 

\2 \a'\- x) J 



Put 



/(ar) = (a - a:>, 
/(2:) and /^(a;) being both zero when x = a. 
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Then, when a: = o, 

fix) = - K« - ^n 

and consequently 



- a 



- ira 



(a + xf. {a- x) 2 (2a/ (a - x) 



k' 



and 



fix) _ fix) ^ (2af 
F{x) F'ix) wa ' 



The value of <\>(x) may be obtained also, and in fact more 
simply, without the aid of diflFerentials : thus 

TT la- x\^ 



<l)(x) = - (a + a;) cos 



V fa - x\^ 

2\a-\-x 




2 \a+ X 



- a:V 



but, when x = a. 



sin ["L (^^' 
\2 \a + X 



IT fa - x\^ 
2\a + x 



d 



sin ('^ f^^lf Y\ '^^^ 
l2 \a + xj j 



, when 0=0, 



hence 



<A(a) = 



= 1: 
4a 



TT 



Ex. 5. To evaluate 



- , . sin Tra; - tto: cos wx , 

Here /*(a:) = sid Tra; - Tra; cos irx = 0, 

-F(a:) = 2a;' sin tto: = : 

/*'(^) = TT cos Tra; - TT cos vx + Tr'a? sin ttx = Tr'a: sin wx. 

Fix) = 4a: sin irx + 27ra:* cos Tra:. 
Hence, when a: = 0, 



0(^)=ffl=^._^ 



Sm TTX 







i^'(^) 4 sin TTX + 27ra: cos ira: * 
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Put f^x) = tt' sin ira:, 

F^(x) = 4 sin Tra; + ^trx cos irz : 
then //(^) = w' COS ttx = tt', 

F^{x) = 47r cos Tra; + 2ir cos tto: - 2ir'a; sin ira; = Gtt. 

3 2 

Hence <^ (0) = r— *= t • 

EvaltMtion of Functions of the form 55 • 

64. The rule for the evaluation of functions of Xj which for 
particular values of the variable assume the form J, is applicable 
also for the evaluation of functions which assume the form ^ • 

Let o(x) = •7=7r-T = -- > when x = x^: 

^ F{x) 00 ** 



then 6 (x) = -4^ = - , when x = x^, 

Let F,(x) = rJ—, fix)= ^ 



F{x) '■'''' fix) ■ 
then <^(a;)=.^ = 2, whenar = a:„. 

Hence, by the theorem of Art. (68), for this value of x, 
but F'(x'\ = - ^^"^ f'(x'\ - - /^^) . 

Dut ^.w- ^i?'(a;)}" /'W- ^y^»- 

hence, when x^x^y 

which establishes the proposition. 
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\if'{x^=^QC and F'(x^-(x>y then, by the application of 
the same principle, it is plain that, for this particular value of x, 

F(x) F'(x) F"(x)' 
and so on indefinitely. 

Ex. 1. To find the value of 

1 

(a;) = e * . (1 - log x), when a: = + 0, 
where + denotes the limit of positive magnitude. 
Under a different form, 

, V 1 - loff X 00 

e 

f{x) = 1 - log Xy 

1 
F{x) = e : 

X 

F\x) = - i i : 

X 

hence *(^) = Fy = "r^ " 

Ex. 2. To find the value of 

(a:) = °g "^ , when a: = oo : 
*(/ 

/(a:) = (log ajy = 00 , 
F(a;) = a:* = oo : 

f{x) = - log a:, 

X 

F'(x) = 2a: : 

hence h,(x) - £^ J^E^ -- 

nence *^''-' i?"(ar) «' " « " 
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Put /,(a:) = loga: = QO, 

F^ (a:) = x^ = 00 : 

then fXx) = i = 0, 



X 



and therefore iL{x) = -^ = Hrf- = - = 0. 

^'^ F.ix) F;(x) 00 

It would be more easy, in order to evaluate (pix), first to 
find the value of 







X 00 




and then to square 


the result. Putting 






• 


fix) = log X, 








F(x) = X ; 




we have 




/'(^) = ^ = o, 

X 

F'(x) = 1 : 




hence 




*'">-^^«' 




and thus 




0(a;)={*(a:)}'=O, 


when a: = 00 . 


Ex. 3. 


To find the value of 








a 


when a; = 00 ; 



a, m, ?>, being positive quantities, and a being greater than 
unity. 

If we differentiate the expression 



a 



m times above and below, the series of resulting fractions will 



00 



always be of the form — , up to the m^ differentiation, which 



00 



will give a fraction q 

¥^)' 



93 EVALUATION OF INDBTEHMINATE FUNCTIONS. 

C being finite and *(a:) infinite, when a; = oc : thus we see that 



Failure of the method of Differentials for the Evaluation 
of Indeterminate Functions. 

65. It occasionally happens, when, for a particular value of x, 

that the application of the above rules is inadequate for the 
evaluation of ^{x). By virtue of these rules we may take 



equivalent for 



/M. 



we may modify 



/'W . 



to put 



*(»)-■: 




pw "" -*"■■"■■;"■ ■"',?«' ;- ■""' — ' nJ) • 

we please by cancelling or introducing common factors above 
and below; and, supposing ^' ^ to represent the modified 
fraction, we are at liberty, provided that 

/,W _ 1 „ _ 5 

/Is) 

and so on indefinitely, until we at length arrive at a fraction 
of which at least both the numerator and denominator are not 
simultaneously zero or simultaneously infinite. Sometimes, 
however, we are unable by the application of these combined 
operations to rescue the function from its nugatory form, the 
indeterminateness perpetually presenting itself again and again 

in the successive iimctions either in the shape of - or of — . 

Ex. Suppose that 

/w <■■'. 

J'W J' ■ 

and that a: = oo : and that it is required to find the value of 
^{x) for this value of x, tn and n being positive numbers 
both a and b being greater than unity. 



♦w- 



ibers, and ^^H 
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/'{x) = ma;*""^ . log a . a"**, 



hence ^(x)—^ -^^^^^^ "^1^ 

hence ^(o:) - ^^^^^ - -^.^-^ . __ 



m log a a« .r i 

= — T — r • — - , II m be > w, 
n log y^ ^ 

= - , by Art. (64), Ex. 3. 

00 

We shall fall into the same difficulty at each succeeding 
operation. In fact, the method of differentiation must not 
be considered as a universal rule for evaluating indeterminate 
ftmctions, but merely as an instrument frequently of great use 
for this purpose. 



Evaluatton of Indeterminate Functions of severed IndependerU 

Variables. 

66. Suppose that, to take the case of two independent 
variables, ^/ n /. 

^^'^^y^ F{x,y) 0' 

when Xy y, receive respectively particular values x^, y^; the 
variables x and y being subject to no equation of connection. 
Generally 

i,(a:^8x,y^Sy)^{^^4^-^^^^^ 
vv > y yy F(x,y) + AFix,yy 

Af(Xf y) and A -F(a;, y) denoting the total differences of f{xy y) 
and Fix, y). 

Suppose that x = x^y V - Vo' ^^®^ 

supposing that, in the expressions for Af(Xy y), AF(x, y), 
which are certain ftinctions of a:, y, &r, 8y, we finally substitute 
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x^, y^, SXg, By„, for z, y, Sx, Sy. Proceeding to the limit we have 

Xq, y^y dx^, dy^y being finally substituted for Xy y, dxy dy. 
But Df{x, y)^-£dx + -^ dy, 

^^^'"'y^-Tx^'^^Ty^y- 

%dx.fdy 

hence »(^,>yo) = ^^ Jp ■ 

dx + -j--dy 
ax ay 

Since the ratio of dx to dy is undefined, it appears that 
the value of (a;,, yj is generally indeterminate : suppose 
however that, when x = x^ and y = y^, either 

df ^ J, dF ^ 

■r-= 0, and ^- = 0, 
dx dx 

df r. A dF ^ 

or -T-= 0, and -— = 0. 

dy dy 

df 

In the former case 0(^o> ^o) = "^y 

dy 

dx 
in the latter, (ar^, ^o) = ^ • 

dx 

in both these cases the indeterminateness disappears. 
If the four quantities 

d£ d^ d£ dF 
dx^ dx^ dy* dy* 
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be simultaneously zero, we must proceed to second differentials, 
when 

-dT^^^'^-d^y^'^y'i;^^^ 

an expression generally indeterminate by reason of the inde- 
finiteness of the ratio of dx to dy. If all the partial differentials 
of y and jF of the second order are zero, we must proceed to the 
third order, and so on. 

The extension of the preceding considerations to indeter- 
minate functions of any number of independent variables is 
obvious. We have considered only the case of indetermination 

of the form - : the application of the method, however, to that 
of the form — - may be established just as in the instance 

00 

of a single independent variable. 

Ex. 1. Let J 

^ f . log ir + log y 

Here ^=.1-1 ^-i-i 

ax X dy y 

^=1 — =2- 

dx ' dy ' 

whence * (^o' ^o) = ^^^ = ^„ . 

where a is an arbitrary quantity. Thus ^(:»^, y^ may have any 
value from - oo to + oo . 

Ex. 2. Let 

(a^ - 1)* - y + 1 
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Here | = S(.-1)* = 0. f^J^H, 

^- = 3a; (:c* - 1) = 0, -— = - 1 : 
ax ay 

hence ^(a:^,, ^o) = ~ i> * determinate value. 

Ex. 3. Let ^(ar, y)= ^V^j > ^o = 0, y, = 0. 

X ^r Xf 

Then -f = 2(a: + y) = 0, ^=2(a; + y)=0, 
cw; ay 

^^ « . dF ^ ^ 

;77-2a:=0, — =2y=0. 

aa; ay 

The partial differentials of the first order being zero, we must 
proceed to differentials of the second order. 

^=2 -^ = ^=2 

efe:* ^ dxdy ^ dy^ 

TT / N 2d3!? -¥ 4dxdy -^ 2dy^ 
Hence CXa, yj = —7-5 — ■;ri-2 — — 

_ (1 + ay _ - 2 

"TT^"^'' — 1^ 

a + - 
a 

a being an arbitrary quantity. The value of ^ (x^^ y^) is there- 
fore indeterminate, within certain limits ; its greatest and least 
values corresponding to the least positive and least negative 

values of a + - . Suppose that 

a 

n + i = /3, 
a 

then 4a' - 40a + /3' = 0' - 4, 

2a-/3 = + (/3'-4)J: 

hence + 2 and - 2 are the least positive and negative values of 
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/3 or a + -.' It appears therefore that ^Car^, yj may have any 



value whatever from to 4 2. 



JEhaluation of indeterminate implicit Functions of a single 

Variable, 

67. Suppose that an equation 

/(^,y)=o (1) 

is satisfied identically by a certain value x^^ of x, whatever be 
the value of y. The function y will for this value of x appear 
to be indeterminate. 

. Differentiating the proposed equation, we get 

-^ dx + ^ dy^^O (2). 

dx dy ^ ^ 

But since, when x = x^, f(x, y) has a constant value zero for all 
■ Values of y whatever, it follows that in this case also 

dy 
hence we have, when x - x^^ 

f^d^^O, or 1=0 (3). 

The value of y^ must be determined from the equation (3). In 

case the equation (3) be satisfied identically for all values of y, 

df 
we must, the function -j- now occupying the place of the original 

ax 

ftinctiony*, proceed to determine y^ from the equation 

dx^ 
and so on, until the indeterminateness is eradicated* 

Ex. 1. Suppose that 

f(Xy y) = //w:* - a; + log (1 + xy) =0, a:^ = 0. 

H 
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Then % = 2mx - 1 + — ^ = 0, 

ax I + xy 

whence - 1 + — = 0, or y^ = 1. 

Ex. 2. Let 

fix, y) = (y* - 1) ^ - y {log(i + x)Y = o, x,^ o. 

Here the equation ;/ ~ ^ 

CvX 

gives US, for the determination of y^, 

or F(xy y) = (y^ - 1) (ar* + a:) - y log (1 + a?) = : 

but this equation is identically satisfied by a: = : we must 
therefore differentiate again with regard to x. 

The equation -j- = 

ax 

gives us, for finding y„ 

(y»-l)(2^+l)--4- = ^> 
whence Vo -^ "Vo'^ 0> 

a quadratic giving two values ~ for y^. 
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CHAPTER VI. 



MAXIMA AND MINIMA. 



Definition of a Maximum and Minimum, 

68. Let y =f(x), and suppose that, as x gradually increases, 
through a particular value x^, from a value x^- h to a value 
^Tq + A, h being an indefinitely small positive quantity, y in- 
creases, as X increases from x^- h to x^, and decreases, as x 
increases from x^ to x^ + k. In this case y is said to have 
a maximum value when x = x^. If y decreases, as x increases 
from x^-k to x^y and increases, as x increases from Xq to x^ + A, 
then y is said to have a minimum value when x = x^. The 
words increase and decrease are here used in algebraical senses 
to indicate progress from - oo towards + oo , and from + oo 
towards - oo , respectively. 

Preliminary Lemma. 

69. Before proceeding to investigate a rule for determining 
the maximum or minimum values of y, it will be necessary 
to premise the following lemma. 

Lemma. If m be a function of x; then, accordingly as u 
is increasing or decreasing as x increases, — will be respec- 
tively positive or negative, and conversely. 

Suppose that, when x increases to a value x + Sx, Sx being 

very small, u becomes u + Su; then, if w be increasing with the 

increase of x, Su must be positive, and if u be decreasing, 

Su 
Su must be negative : hence s^ ii^ust be positive in the former 

bx 

h2 
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and negative in the latter case; and this must be true ultimately. 



positive in the former and negative in the latter case. 

Conversely, since — is the limiting value of 5- , it is evident 

,. , du . 

that, accordingly- as — la positiv 



r negative. 



be positive or negative when Sz is sufficiently small, and that 
consequently v must be increasing or decreasing with the 



dx 



increase of z 

In other words, that u may be 
an increase of 
positive in the former and negative in the latter 



ig or decreasing with 
du . 



Bvie for finding Maxima and Minima. 

70. By the definition of a ma^mum or minimum given 
above, and by virtue of the Lemma of the preceding article, 
we see that, for a maximum value of y, it is sufficient and 

necessary that -^ change sign from ■+ to - as a; passes from 

j;„ - A to x^ + h, being positive for the former range of values 
of X and negative for the latter. From these sufficient and 



become either zero or infinity, since a function of x can change 
sign only in passing tlirough one or other of these values. 
Similarly, that x = x^ may correspond to a minimum value of y. 



It appear! 



that 



dy 



must pass from - to + as a; passes from x^-k 
either zero 



to Xg-¥ h and become, as in the case 
or infinity when x = x^. 

We may now enunciate a general rule for finding the 
1 and minimum values of y. 
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Rule. Obtain all the values of x which satisfy either of the 

two equations 

f\x) = 0, fix) = 00 : 

if any one of these values of x be such that, as x increases 
through it, f'{x) changes sign from + to -, it will correspond 
to a maximum value of y; if it be such that, as x increases 
through it, f'{x) changes sign from - to + , it will correspond 
to a minimum value of y ; and if it be such that, as x increases 
through it, f {x) does not change sign, it will correspond 
neither to a maximum nor to a minimum value of y. 

Ex. 1. To find whether, n being a positive integer, 

y = (a: - of 
has a maximum or minimum value. 

Here -f- = n(x - a)" ^ 

ax 

equating to zero the value of -^ , we have 

ax 

X - a = Oy X = a. 

Putting in the expression for -~ first a - h and next a + A, 

ax 

we see that, if w be even, -~ will be negative in th^ former 

ax 

case and positive in the latter ; and that, if n be odd, — will 

dx 

have the same sign in both cases. Hence, if n be even, x = a 

• gives zero as a minimum value of y, and, if n be odd, y has 

neither a maximum nor a minimum value. 



then ^ = 2a:+3 = 0, ^ = -2 



Ex. 2. Let y = a;' + 3a: + 2 : 

dy 
dx 

If a: = - I - A, it is evident that -^ is negative, and positive 

when X - - \^ h. Hence a: = - | renders y a minimum, its 
value being 

(-iy+3(^i) + 2 = -J. 
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Ex. 3. Let y = ^^^^i : 



then 



{x + 2/ 

dy _^2{x -^ ^J{x-¥ 5) 
dx^ (a: + 2)' 



Putting -^ = 0, we have 

a: = - 3, or a: = - 5 : 
putting -^ = 00 , we have a; = - 2. 

Now T^ = ±, i{ X = - 2 ^ h; 

ax 

^=+, ifa: = -3+A; 
air 

and ■— = +, ifa; = ~5+A. 

Hence, ifa: = --2, y = <X), a maximum, 

if a: = - 3, y = 0, a minimum, 

and if a: = - 5, y = y^, a maximum. 



Abbreviation of Operation. 

71. Suppose 0(a;) to be any function of x which for all 
possible values of x has the same sign as /'(x)- Then it is 
evident that in the rule which we have enunciated for finding 
the maximum and minimum values of f(x), we may replace 
f'Qc) by <li(x). This change will frequently abbreviate the 
processes of investigation. Thus if, for instance, 

f'(x)=^^(x).i>(x), 

where ^(x) is a function of x essentially positive, we may 
reject ^(x) and take ^(a:) in place oi f'(x), 

Ex. 1. To find the maximum or minimum values of y, when 

_ ^ ' 1 

^ ~ x{x + 1)* 
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In this case 

dx a?{x +1/ ^ ^ ^ ^ 

now ^ (a;) cannot change sign : put therefore 

^ (a;) = 1 + 2a; - a;' = ; 

we have then a; = I - V2, or a; = 1 + V2. 

It is easily seen that 

^(a;) = + , if a; = 1 - V2 + A, 

and ^C«) = ± 5 if a; = 1 + V2 T A : 

hence a; = 1 - V2 gives a minimum and a; =» 1 + V2 gives a 
maximum value of y. 

By the rejection of the factor 

X {X + 1) 

it wiU be observed that we escape the trouble of examining the 
consequences of putting f'{x) = oo . 

(x - If 
Ex.2. Let y-Q^- 

Then I or /'(.) = ^^^^^^ = *(-) •*(-), 

where ^ (a;) = (a; - 1) (5 - x). 

Putting ^ (a;) = 0, we see that 

a; = 1 or a; = 6. 

Also ^ (^) = + , if a; = 1 qp A, 

and ^ («) = ± > if a; = 5 + A. 

Hence, ifa;=l, y=0, a minimum, 

and if a; = 5, y = h» ^ maximum. 

Alternation of Maxima and Minima. 

72. Supposing y to be a function f(x) of a;, which has 
several maxima and minima, then, as x keeps continuously 
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increasing, the maximum and minimum values of y will occur 
alternately. This will easily be seen when we consider that 
whenever the sign of f'{x) changes from + to -, y is a 
maximum, and, whenever it changes from - to +, a minimum; 
and that a change &om + to - can be succeeded only by a 
chajige from - to + , and conversely. 



method of finding Maxima and Minima. 

73. Suppose that f{x} has a maximum value when x = 
and that none of the derived functions 



/'W, /"W, /'"W, 



I 



become infinite when x = x^. Then, since fix) decreases 
from +, through 0, to -, as a; passes from x^-h, through x^ 
to x^ + h, it appears, by the Lemma of Art. (69), that f'{x') 
must have the sign - for this range of values of x. lif\z) = - 0, 
when X = x^, the symbol - being used to denote zero regarded 
as a limiting state of negative magnitude, then, when x = x^, it is 
evident that f"{x) has a maximum value : from this it follows 
that, since f"{x') now occupies the place of f(x), f"\x) will 
change sign from +, through 0, to -, and fix) will have the 
sign - , as » ranges from ^,, - h to x^ + A. If /"(x) = - 0, when 
z = Xa, then, /"{x) now occupying the place of f"(x), we see 
that /'(x) will change sign from +, through 0, to -, and 
fix) will have the sign - , as a: ranges from x„- h to Xo+ h. 
We may proceed with this reasoning from step to step until we 
arrive at a derived function of an even order which does not 
vanish when x = x^. Our final conclusion is evidently that, 
for a maximum value of f{x), we must have /'{x) = 0, and 
that, of the differential coeiRcients of f{x), the first which, 
for a corresponding value of x, does not vanish, must be of 
an even order, and must be negative. 

By precisely the same form of reasoning, mutatis mutandis, 
we may see that, for a minimum value oif{x), the sufiident and 
necessary conditions are that 

/'(■«) -0, 



4 
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and that of the derived functions /"(x), f"'{x)y .... the first 
which, for a corresponding value of Xy does not vanish, shall be 
of an even order and shall be positive. 

Hence, to find the maxima and minima of a function f{x\ 
we must equate its first diflFerential coefficient to zero, and 
thence obtain corresponding values of a;: we must then keep 
differentiating the function until, for each of these values of Xy 
we arrive at a differential coefficient which does not vanish : if, 
for any one of these values of Xy this final differential coefficient 
is of an even order, the corresponding value of f(jc) will be 
a maximum or a minimum accordingly as the final differential 
coefficient is negative or positive. If the final differential 
coefficient is of an odd order, the corresponding value of f(x) 
will be neither a maximum nor a minimum. 

Ex. 1. Let 



<tr _a 




X 


y - 

dy ^ 


1 


+ r 

-3? 


dx 


(1 


+ z'f' 



then 

or fXx) = <i^(x).{l-2^)y 

*(a;) being an essentially positive factor. Take then, instead 

then X ^ I, or a; = - 1 : 

if :?; = 1, 0'(a:) = - 2x = -; 

if X = - I, <p'{x) = - 2a; s= + . 

Hence x =» + I makes y a maximum, and a; = - 1 makes it a 
minimum. 

Ex. 2. Let y = a;* - 8a;' + 22a;' - 24a; + 12. 

Then J^ = 4a;' - 24a;» + 44a; - 24 = : 

dx 

the roots of this equation are 1, 2, 3. Now 

d^y 

--? = 12a;'- 48a; + 44: 
dx^ 



-« . 



106 MAXIMA AND MINIMA. 

hence 1^^'^' ^^^^ x= I, 

-5^ = - , when X- 2, 

^ = +, when. = 3. 

Thus we see that for the values 1, 2, 3, of a:, y is respectively 
a minimum, a maximum, a minimum. 

Ex. 3. Let y = e* + 2cosa: + e" 

then, when a: = 0, 

^ = e* - 2 sin a; - e'* = 0, 
dx 

—I = e" - 2 cos a: + e" = 0, 
dar 

— ^ = e* + 2 sin a; - e* = 0, 

' -4 = e* + 2 cos a: + e" = 4. 

Hence a: = gives for y a minimum value 4. 

I 

Ex. 4. Let y = b-¥c(x-a) : 

then f^ = §c(a: - a)"* = c(a; - a) . *(a:), 

where *(a;) *= §(a: - a) , a quantity essentially positive. 
Instead, therefore, of -^ or f'(x), we may take 

(t>(x) = c {x - a) = ; 

whence we get x - a; also 

<l/{x) = c. 

If therefore c be a positive quantity, x = a makes y a minimum ; 
if c be a negative quantity, x = a makes y a maximum. 
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Ex.5. Let y = ^^±ii?. 

Then ^ = x(x + S)' 

dx {x + 2)'* 



where * (x) = ^^ '^ \ , 

an essentially positive quantity. 

Hence, instead of -J- or f'{x\ take 

fife -^ ^\ 

(a;) = ^c (a; + 2) = : 
then :?; = 0, or a: = - 2 ; 

if a: = 0, 0'(^) = a;+2 = +, y = ^?> 3- niinimum : 
if:?; = -2, 0'(a:)= a; =-, y = oo, a maximum. 

From this and the preceding example it appears that, although 
either y*(a:), or its derived functions of sufficiently high orders, 
may become infinite for a value of x which makes f{x) a 
maximum or a minimum, yet, if we replace f {x) by ^ appro- 
priate function 0(a;) which has always the same sign as /'(^c), 
we may often apply with advantage the rule of Art. (73) for 
finding such a value of x. 

Abbreviation of Operation. 

74. Suppose that, for a certain function y*C^) = y, 

dy 
dx 

u being a factor which vanishes when x = a, while t? remains 

finite. Then, if -^r- be the first differential coefficient of u which 

dxT 

does not vanish when x = a,it is easy to see that 

d^'y d^'u , 

-rr^ = V — - , when x - a, 

dx"" dx^ 

and that all the diffierential coeflBcients of y of lower orders than 
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the r^ will be equal to zero. This consideration enables us to 

ascertain whether a particular value a of x, which makes -^ = 0, 

ax 

corresponds to a maximum or a minimum value of y, without 

being driven to the necessity of obtaining the general expression 

for the value of -^ . 

daf 

Ex. 1. Suppose that y is such a function otx that 

and suppose that we desire t^know whether x = 1, which makes 
-^ = 0, corresponds to a maximum or to a minimum value of y. 

CvX 

We have, if :?; = 1, 

g = (a; - 2)(a:- 8) (a;- 4) = (-) (-)(-) = -: 

which shews that x == I corresponds to a maximum value of y. 
Ex. 2. Suppose that 

then 3-f = 0, ~ = 0, if a: = I, and 
ax axr 

^ = 1.2.8 (^ - 2) (:c - 3) (a: - 4) = - : 
which shews that x-l corresponds to a maximum value of y. 



Maxima and Minima of implicit Functions of a single Variable, 

75. In the preceding articles we have investigated the 
method of finding the maxima and minima of an explicit 
function of a single variable. We proceed now to the con- 
sideration of those cases in which the function is involved 
implicitly with its variable. Let y be a function of x by virtue 

of an equation 

w=/(^, y)= (1). 
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DifTerentiating this equation, we get 

du du dy . 

di'd^di-' ^'^- 

From (2), since -^ = or = oo , is an essential condition for a 

ax 

maximum or minimum value of y, we have 

du 

dx 
-iii = or = 00 (3). 

du 

From (1) and (3) we may obtain those systems of values of x and 
y which alone can correspond to maximum or minimum values 
of y. In order to find whether a value x^ of x so discovered 
does really give a maximum or minimum value of y, we must 
substitute, in the expression 

du 

__ dx 
du' 
dy 

x^ - h, x^^ + hy successively for re, and the corresponding values 
of y, and see whether the expression changes sign from + to +, 
the additional conditions for a maximum and a minimum value 
respectively. 

For those values of x which do not render -~- , or any of the 

ax 

higher order of differential coefficients of y, equal to infinity, 

we may proceed to find, by implicit differentiation, the values of 

T2 > 13, V • • • until we arrive at one which does not vanish for 
ax aaf 

a value of x which makes ~ = 0. If the order of this final 

dx 

differential coefficient be even, the value of x gives a maximum 
or a minimum value of y, accordingly as the sign of the dif- 
ferential coefficient is negative or positive. 

Ex. Let x^ - Saxy + y^ ^ .(1)': 
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then ^ - «y + (y* - ax) ;/ = (2)'. 

Supposing that ^ = 0, we have 

ax 

x" - ay = (3)'. ' 

Eliminating y between (1)' and (3)', we get 

x^ - 2aV = 0, 

whence x = 0, or x ^ a \/2, 

and therefore respectively 

y = 0, or y = a ^4. 

Differentiating (2)' we have, taking the values a v 2, a \/4, 
for Xy y, 

2x + (y'- ax) -^ = 0, 

2a ^2 + al o ^2 . — f = 0, 

day 

—2 = — ^ a negative quantity : 
ewr a 

hence o \/4 is a maximum value of y. 

If a; = and y = 0, then -?^ derived from (2)' takes the inde- 

ax 

terminate form g: we may however extricate ourselves from 

this difficulty by differentiating (2)' successively until we obtain 

an equation in which -^ no longer presents itself under this 

ax 

form. Thus, after one differentiation, 

(u^ - ax^ — ? + 2v -^ - 2a — + 2a; = 0, 
^^ ^ ds? ^ dx^ dx ' 

and, after a second differentiation, 

When X -^ and y = 0, this equation becomes 

d\ 

, d\ 2 

whence — ^ = — , a positive quantity. 

^•Z? ua 
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Thus we see that the system of values x = 0, y = 0, cones- 
ponds to a minimum Tdue of y. 

We will discuss this example also by examining directly 

whether -— changes sign as x passes through and a v 2. 
ax 

First, taking the value of a:, put h for a; in (1)', A being very 

small: then 

A' - Sahy + y' = 0, 

or approximately, - Sahy + y* = 0, 

whence y = 0, or y = + (3a) . hK 

Hence, if y = 0, we see that, 

when a; = - A, ^ 



dx + ah 

r , dy h^ 

when ;i: = + A, ^ = =- = + : 

dx — an 

hence x= gives y = as a minimum value of y. 

The values ± (3a)*. A* of y must be rejected because they are 

impossible when - A is put for + A. 

We will next take the system 

a; = a^/2, a^/4. 

Putting a; = a V2 + A, y = a \/4 + A, in (I)', we have nearly 
2a' + 3a*(2)^ . A - 3a {a (2)% A} .(a Vi + k) 



+ 4a' + 3a'(4)*. A = 0, 
whence, approximately, 

3a' (2)'. A -3a (a (4)^ A + a (2)' A} + 3a'(4)*A = 0, 
whence A = 0. 

Thus cfy (aV2 + Ay-a^(4)^ 

^^ a' (4)* -a' (2)' 

^_ 3a' (4)* . A 

+ 
= +, if A be negative, 

= -, if A be positive : 

hence x = a\2 gives a \/4 as a maximum value of y. 
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If wc take y" = az, we shall gel z -= 0, y »= 0, which we haveS 

'%• 

ax 

we maj' shew, in precisely the same kind of way, that dicsel 
values of the rariables do not correspond to a maximum or 1 
minimiim value of y. 



-/W.*'(9 



MamTna and Minima of a Functian of a Function. 

76. Suppose that r =f(x), and x = ^-iOj, f(^) denoting a i 
certain fimction of z, and tf^iO) a function of flj and let it be 
proposed to determine the maxima and minima of r as depending | 
upon the variation of B. We know that 
dr _ dr dx 

From this relation it appears that, in order that r may have 
a maximum or minimum value, the expression 

must experience a change of sign as 6 varies from 0, - a to 0„ + a, 
0j being the value of 6 which makes r a maximum or minimum, 
and a being an indefinitely small positive quantity. In order 
that such a change of sign may take place it is necessary that 
either fix) or i^'(^) change sign, but that both do not change 
sign at once. In other words, that y may have a maximum or 
minimum value, it is necessary that eithery(x) have a maximum 
or minimmn value as dependent upon the variation of x, or that 
i/i(flj have a maximum or minimum value as dependent upon the 
variation of 6, and that f(z) and Tp{Q) have not maximum or 
minimum values simultaneously. \i f{x) have a maximum or 
minimum value in relation to x, then r wiU have respectively 
a maximum or mi nim nun value also in relation to : for, if i^'(^) 
be positive, then as fl varies from 0„ - o to 0^+ a, x will vary 
from Xg ~ A to z^, + h, and therefore, f'(z) changing sign from + 
to -, /'(a:J . 'pXO) ■*"!! a^o change sign from + to - ; and, if i/.'(0) 
be negative, then as 9 varies from 0^ ~ 
from ^o + A to «u - A, and therefore, f'(z) changing a 



X will varyj^^H 
? sign frtng^^^l 
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~ to +, f\x) . 4f\9) will change sign from -r to - : that is, a 
maximum value of f{x) with regard to x corresponds to a 
maximum value of r with r^^d to 0: we may shew in like 
manner that a minimum value oi f{x) with r^ard to x cor- 
responds to a minimum value of r with regard to 0. Also, if ^^(0) 
have a maximum value in relation to 0, r will have a maximum or 
a minimum value in relation to accordingly v^&fXx) is positive 
or n^ative ; and if ^(0) have a minimum value in relation to 0> 
r will have a maximum or a minimum value in relation to 
accordingly asfXz) is negative or positive. 

Ex. 1 . Let it be proposed to find the maximum or minimum 
value of r, when 

Here -_ = 1, 

ax 

a quantity insusceptible of a change of sign : hence r has no 
maximum or minimum in regard to x. Again 

. 



r = m -\- X, 



- sec - I = 



sm - 



dx , Of e\^ ~"2 

— r = m tan - sec - 1 = in 
dO 2 




dx 

thus -— changes sign from - to + as varies from - to -f ; 
du 

and from + to - as varies from tt - a to tt + a : hence 

if0=O, X = 0; r = 171, s^ minimum value of r ; 

and if0 = ir, a:=+oo; r = +oo, a maximum value of r. 

This is the solution of the problem " to find the maximum or 

min i mum values of the radius vector of a parabola, the focus 

being the pole." 

Ex. 2. To find the maximum or minimum values of 

h'x 
2a - X* 

havinff given that x = -— ^^ ^ . 

° ° I + e cos t^ 



We have 



dr _ 2oJ* 
dx (2a - xf * 
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an essentially positive quantity, which shews that r h 
imum or mij 



Again 
which shews that 



1 relation to x taken absolutely. 



through zero 
Hence 

ife=o, 



dQ 

, and from 



(l + e cos 6f 

ihanges sign from - to 4 as increases 
3 8 increases through jr. 



I - e} : r = . b'', a minimum value of r ; 

and, if = w, z = a (I + e); r = . b', a maximum value of r. 

This is the solution of the problem " to find the maxiraiun 
value of the perpendicular drawn from the focus of an ellipse 
upon the tangent," r being the square of this distance and x the 
radius vector. 

For additional examples the reader is referred to a paper 
in the Cambridge Mathematical Journal, for February, 1843, 
entitled "On certain cases of Geometrical Maxima and Minima." 

Maxima and Minima of a Function of two Independent 
Variables. 



77. Let e =yCa:,y), x and y being two independent v 
We are at liberty to assume that y = t^{x) provided that ^{x) 
denotes an arbitrary function of x. Differentiating z on this 
hypothesis, we have jj^ ^^ ^^ 
dx dx dy 



where 



used to represent 



dx' 



Now that 2 may have a maximum or minimum value for 
any system of values x^ and i/g of x and y, it is sufficient and 
necessary that, as x increases through x^, the total differential 



coefficient -5-, and therefore the express 

dz dz 

dx dy'"^ ' 




I 



MAXIMA AND MINIMA. 115 

shall change sign, whatever be the form of \p(x)y the only restric- 
tion to the arbitrariness of this function being that it shall be 
equal to y© when x = Xq, and whatever therefore be the value 
of y'. A change of sign from plus to minus corresponds to a 
maximum, and, from minus to plus, to a minimum. 

78. In what follows we shall confine our attention to those 
maxima and minima corresponding to which the partial differen- 
tial coefficients of z do not assume either infinite or indetermi- 
nate values. Under this supposition we must have, for a maximum 
or minimum value of z, 

Dz _dz dz / __ ^ 
dx dx dy ' 

and therefore, y' being a perfectly arbitrary quantity, 

dz _ \ 
dx 
dz _ 
dy " 

A pair of values of x and y, deducible from the equations (1), 
will certainly correspond to a maximum value of z, if 

.• s<» «■ 

and, to a minimum, if 

s>» «• 

But, proceeding to the second total differential coefficient of z. 



(1). 



we have, putting y" for ■-=^ , 

I^z _ d^z d^z , d\ ,j dz t, 

dx^ dx^ dxdy ' dy^ dy 

or, by virtue of (1), when the values of x and y correspond to 
a maximum or minimum value of z^ 

Ifz _^dh dh , d^z ^ 
^"^"".^^•y "^^-^ ^^^ 

In order that, in conformity with the inequalities (2) and (3), 

i2 
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^ 


^^M ~j-^ may never be zero whatever value be 


assigned to y', it is ^^H 


^H sufficient and necessary that the values of y' 


deducible from the ^H 


^™ quadratic equation 


^H 


d'z „ d'z , d'z „ 


i 


be impossible. Hence we muBt have 




d'z d^z f d'z Y 
dx^'df^yd^)-- 


(5), 


a condition which requires that -r^-i and ^r— , 
tir' dp' 
_ ■ From (4) we see that 


have the same sign." 




d=z D'z d'z d'z 1 d'^z Y (d'z 

d^dl^'d^'df [dTd^j ^ U/ ■ 


, d'z Y 
^ + dxdy) ' 


the right-hand member of which equation 


is, by virtue of the 


inequality (5), an essentially positive quantity. Hence -j-^ must 


have the same sign as -- - and therefore 
recapitulate, we see that, for a maximum 


- £■ ^'-"' " 


or minimum value 


of 2, it is necessary that 




dx dy 




and that any pair of values of x and y. 


which satisfy these 


equations, and also the inequality 




d'z d'z f d'z Y 
ds!'' df^[dxdy)' 






will certainly correspond to a maximum value of z, if - -^ and -— 

•' ' dx' dy' \ 


he negative, and to a minimum, if -=-j and 


s- "" P""'*'"- U 


In the above reasoning we have supposed that ■— ; is not ^^H 


equal to zero for values of x and y which 

i 


satisfy the equations ^^H 
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(1): if however ^-2=0^ ikxsx^ it will be sufficient that also 

dx 

u^z ly^z 

-3-3 = 0, and that -^-r > or < ; and so on, it being necessary 
dx dx 

that the first total differential coefficient of z which does not 

vanish be of an even order. 

Suppose for instance that -j-^ is the first of these coefficients 

dx 

which does not vanish. Then, for all values of y', we must have 
JO^z __ d^z d^z , d^z ^ dz „ 

m_^(Pz ^^ dh d'z ., d'z ,3 

da?^ dx' d^-y '^^d^'-y ^df-y 

„ / dh d^z A „ dz „, 
where y"' = -r-^; and therefore, in addition to the relation (1), 

O/X 

we must have, y\ y"y y"\ being perfectly arbitrary quantities, 

d^z _ d'^z ^ d^z __ 

da? ' dxdy ^ dy^ 

^" ' d^~ ' ^^^~ ' df~ ' 

Ifz 

Since -—- is supposed not to be zero, whatever be the value 
dx 

of y\ it follows that the values of y' deducible from the biquad- 
ratic which results from the equation 

^^ ^ 

viz. 

d*^z ^ d*z , ^ d^z ,2 ^ d^z ,, d^z ,^ ^ 
efo* dx'^dy ^ da^dy" ^ dxdy' ^ dy^ ^ 

must be all impossible. 

We may proceed in the same way to the consideration of 
cases in which the first total differential coefficient of z which 
does not vanish is of a higher order than the fourth. 
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Ex. 1. To find the maxima or minima of 

z =: ai + y^ - Saxy, 

Put -J- = Sx^ - Say = 

dx ^ 



dz ^ 2 ^ /% 

— = 3v - Sax = 

dy 






(1). 



The equations (l) are satisfied by either of the systems 



:r = 0\ fx = a 

y = 0/ ^^ \y = «- 

Differentiating again^ we get 

dh _ d^z _ d^z _^ 

dx^ ^ dxdy ' dy^ 

If a; = and y = 0, then the expression- 

d^ d'z f d'z Y 
rf:?;'* ' dy'^ \dxdy) 

has not a positive value, or this system of values does not cor- 
respond to either a maximum or a minimum value of u. 

It X = a and y = a, then the expression is equal to a positive 

d^z d^z 
quantity, and -7-5 , -j-z , are both equal to 6a : hence, if a be 

aar dxf 

positive, - a' is a minimum value of w, and, if a be negative, 

- a' is a maximum value of u, 

Ex. 2. To ascertain whether ;i: = 0, y = 0, which make 

dz , dz 

-7- = and -7- = 0, when 

z = X* -\- a^y 4- y*, 

render z a maximum or a minimum. 
We have 

dz 1 m 

— = 4a;' -f 2xy^ = 0, 
dx 

dz 

— = 2a;V + 4y' = 0, 



"^"^ = \2xU 2y' = 0, 



'2 
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dxdy 
d\ 



= \xy = 0, 



= 24a; = 0, 



£z_ 
da?dy 

dxd^ 

dy 



3 



4y = 0, 



= 4a; = 0, 



= 24y = 0, 



^-24 -5^-0 -^-4 -^ = ^=24 
efo*" ' dx'dy" ' d3?df~' dxdf ' dy' 

Hence the equation 

d*z ^ d'z , ^ d'^z ,2 ^ d'z ,, d'z ,. ^ 

becomes 24 + 24y'' + 24y'* = 0, 

the roots of which are evidently impossible. 

U^z ... 

Also -— r is positive : hence it follows that :?; = 0, y = 0, cor- 
dx* 

respond to a minimum value of z. 



Maxima and Minima of Functions of any number of Independent 

Variables, 

79. Suppose that u = f{x^ Vy ^i* . . .) 

where x, y, z, , ,, . axe independent variables. Assume each of 

the variables y, z, . . , . to be an arbitrary function of x. Then, 

by the general theory of maxima and minima of a function of a 

single variable, it is necessary that the first of the total diflFeren- 

tial coefficients 

Du Vu Ifu 



dx * ds^ ^ ds? 



y • » • 



igo 
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which does not vanish shall be of an even order, positive for anf 
minimum value of u, and negative for a maximum. If the 
k"" of these differential coefficients be the first which doe 
vanish, it is evident that, by adopting the same course of reason- 
ing as in the case of two variables, we should ascertain that all 
the partial differential coeflScients of « below the w"* must be "' 
equal to zero. In addition to this, we should find it to be 
necessary that a certain equation of n dimensions in t/, x', . .. . m 
the differential coefficients oi y, z,, , . .with regard to x of which* 
they are arbitrary functions, be incapable of being satisfied 
without assigning impossible values to at least some of the ' 
quantities y', z' . ,. .: the conditions arising from this considera- 
tion are generally of the utmost complexity. 



An instance of Maxima and Minima corresponding to Indeter- 
minate DiffererUiai Coefficients. 
80. Let it be proposed to find the maximum or minim am 

value of , , ,\ 

s! = {x' ^ y'f. 
"We have 



^{^^y'y 



Y dy" 



H^'^f)^ 



dz dz 



I 



When a; = and « = 0, the partial differential coefficients _ , — , 

dx dy 

both assume the form g : we are unable therefore, by the testa' 
of Art. (78), to ascertain whether this system of values cor- 
responds to a maximum or minimum value of z. We shall ' 

have to consider whether — - , the total differential coefficient , 

of z, has a change of sign, as x increases through zero, for all 
values of y'. Now 

Dz dz dz , J a; + yy 

dx~ dx^ dy'^ ~ ^ ' 77 ,J ' 

Suppose that x increases from - to : then, if at the same ' 
time y increases from - to 0, y' must, by Art. (69), have J 
always the sign + : while, if y decreases from + to 0, y" muat^ 
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have always the sign - : that is, if :c = - 0, then a; + yj' = a 
negative quantity. Next, let us suppose that x increases from 
to + : then, if, at the same time, y increases from to + 0, 
f/' must have always the sign + : while, if y decreases from to 
- 0, y' must have always the sign - : that is, if a: ^ + 0, then 
X ->, yy = a positive quantity. We have shewn therefore that, 
Bz 



whatever be the value of y'. Hence a; = 0, y = 0, correspond to 
a minimum value of s, namely zero. 

We might have treated this example more easily in the 
following manner. 



Since (a:' + y^f is essentially positive, wc may instead of 



take 






^ being a function of a 



y, y' , which has always the s 



di~ 



Hence 



ax 



dxdy 



di? dy' \dxdyj' 

Hjiu — — , have each a positive sign. Hence a; = 0, y = 0, 

dxr dy^ 
correspond to a minimum value of z. 

llie existence of maxima and minima of functions of two 

independent variables corresponding to values - of the first 

partial differential coefficients of the function, was I believe 
first pointed out by M, J. Bertrand in Liouville's Journal dc 
Mathemaliques, tom. viii, an, 1843, p. 155. 
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Application of Indeterminate Multipliers to Problems of Maxima 
and Minima. 

81. Let ../(i.y,.- ), 

a ftmction of n variables x,y, z, . . . . connected together by m 
equations ' 

fi^.y,^, ■...) = 0, /, (x,y,z,....)^Q, 

fix, y,z, ....)= 0, f^(x,y,z,....)^Q: 

there will accordingly be n - m independent variables. That 
M may be a maximum or minimum, we must have Du = 0, sup- 
posing that we confine ourselves to those maxima and minima 
which do not correspond to infinite or indeterminate values of 
the partial differential coefficients. Hence 



df , df, df , 

-^dx + -f ay + ^ dz + 

dx dy dz 

The equations connecting x,y, z, . . . . give also 

jp dx + -^ dy + -^dz + . .. . 
dx ■ dy az 

-dj dx + ~ dy -^ -^ dz + . . . . 
dz dy ' dz 



. (1). 



(a> 



df , df, df, 

-^s dx + -i=i dy + -;-" dz+ , . . . 
dx dy dz 

After eliminating m of the differentials dx, dy, dz, . . . , 
between (1) and (2), m + 1 differential equations in all, we 
must equate separately to zero the multipliers of the n -m 
remaining differentials which are entirely arbitrary; the n-m 
equations thus obtained, together with the m equations con- 
necting _ x, y, z, ... . will enable us to find the systems of 
values of x,y, z, . . , , which will render u a maximum or 
minimum. It will then be necessary to ascertain whether 

- — - becomes, by the substitution of these values, negative 
dx 



I 
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in the former and positive in the latter case, whatever relations 
be supposed to subsist among the n-m arbitrary differentials. 

This examination of the sign of — r-r will usually involve very 

dx 

embarrassing computations : it frequently happens, however, es- 
pecially in the applications of the theory of maxima and minima 
to questions of geometry and natural philosophy, that the exist- 
ence of maxima and minima is certain from the nature of each 
particular problem, our only object being to ascertain the 
precise circumstances of such critical values. Under these 

circumstances, the examination of the sign of -j-j , or, more 

dx 

generally, so as not to exclude cases where -7- = oc or - , the 

dx 

investigation whether -^— necessarily changes sign as x passes 

dx 

through the critical value, becomes unnecessary. 

The elimination of the arbitrary differentials may be ef- 
fected very elegantly by the method of arbitrary multipliers. 
Multiply the equations (2) in order by the arbitrary quantities 
\, Xj , X3, .... X^ , add the resulting equations to the equa- 
tion (1); and then equate to zero the coefficients of all the 
differentials in the final equation. The legitimacy of this 
process will be evident when it is considered that by equating 
to zero the coefficients of the first m differentials we subject 
the m arbitrary factors Xj, X^, X3, . . . . X^, to only m conditions^ 
the coefficients of the remaining n-m differentials being also 
necessarily zero by reason of the independency of these diffe- 
rentials. We thus get n equations 

dx''^^di^^^d^''""''^-d^^^' 
dy ' df/ " dy "-dy 

Tz^^'Tz^^'d^^'-'-^^-'d^-^' 
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We have therefore in all n + m equations involving the 
n variables x, y, z, ..... , and the m arbitrary multipliers 
^i> ^2^ ^3> • • • • ^« • whence x^y, Zy . , . . and therefore u may 
be determined. 

Ex. 1. Suppose that 



w = a;' + y' + 5J* + 



and that the variables x^y^z, ... are connected by the equation 

ax ■¥ hy + cz -\- . . . . = ky 

aybyCy . . . .Uy beiug constant quantities. Then, by the theory 
laid down, we have 

X + a\ =0, y + SXj = 0, 2; + cX^ = 0, . . . . , 
which equations are equivalent to 

M=-!=.. (1). 

a o c 
Hence, by the ordinary theories of proportion, 

— = ^* = ^ = = 3? + y^ -^z^ ■¥ .... u 

andalso ^ = |! = ^ = ..,.= J^±|!±^!±.i:l:^ = f : 
ax by cz ax -^ by -^ cz + . . . . k 



hence 


u 


u^ 


a' + S* + c'* + . 


• • • A/ 


Or 




U - -^ 



w 



a' + y + c^ + 

We may easily satisfy ourselves that this is really a minimum 
value of ti. In fact there is, identically, 

{c^ ^V ^ & -^ ) . (a:* + y^ + 2* + ) 

= {ax + by ■¥ cz -{■ . .. .J + (bx- ayj + {ex - azj +...., 

and therefore 

_ 1^ ^{J)x- ayf + {ex - azj + 

a^ -^b^ + c^ ■{■ ' 

which shews that the inequality 

A' 



u > 



a* + &' + c* + . . . . 
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is verified for all values o{ x,y, z, . , . . which do not satisfy 
the relations (1). 

Ex. 2. To find the maximum or minimum of the function 

u = x'*t^:f . . . . , 

where p, q, r, . . . . are all positive quantities, the variables 
^> y> ^> • • • • being subject to the equation 

ax -\- by + cz + ..,.= k. 

In this case we have, putting D log u = = 0, 

u 

pdx qdy rdz _ 

X y z 

and adx -\^ h dy + cdz + .... =0, 

and therefore 



^ + \a = 0, i + XJ = 0, - + \c = 0, , 

X 



whence 



y 


z 


p _q _r 


/? + $' + r + ... . 


7 • • • • 

ax by cz 


k 


p k 


■ » 



a /? + $' + r + ... . 



y=f 



S*j!?i-$' + r+.... 

z - -, 



c J!? + $' + r + . .. 



.,> 



> 



We have also 

Du pdx qdy rdz 
u X y z 

and therefore, considering dxy dy, dz, constant, while 

^> 1/9 ^y ' • • • 3'^© supposed to vary, as we are at liberty to do in 
this example because there is no equation connecting the general 
values of a:, y, Zy, . , .and their diflFerentials, 

^"-(?)'=-(f)'-(fJ-'(fJ- 
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1 






or, since Du = 0, 
u 



-IK?) -(!)•-{?)' }■ 



which shews that If^u is essentially negative. The values of 
^fj/f ^9 • ••• therefore, which we have found above, correspond 
to a maximum value of u» 

Ex. 3. To find the minimum value of 

u = a^ -\- y^ + si^ (1), 

Xy y, z, being subject to the conditions 

ax -\- by -\' cz = 1 (2), 

a'x-i^b'y + CZ ^ 1 (3). 

i It is evident that there is a minimum value of u. for if 

I we were to suppose w = 0, then we should have x= 0, y = 0, 

; . z== 0, which values of the variables are incompatible with the 

equations (2) and (3). 

DiflFerentiating (1), (2), (3), and putting Du = 0, we get 

xdx -h ydy + zdz = 0, 
adx + bdy + cdz = 0, 
adx + b'dy +cdz=^ : 

multiplying these three equations in order by 1, X, X, adding, 
and equating to zero the coefficients of the differentials, we have 

a; + \a + \'a =0 (4), 

y + XS + \'b' = (5), 

z -\-\c + \'c =0 . (6). 

Multiplying (4), (5), (6), by x, y, z, respectively, and adding, 
we get by virtue of (1), (2), (3), 

w + X + X' = (7): 

multiplying them by a, &, c, and adding, we get 

1 + x(a^ + i* + c^) + V (aa' -f bb' + cc) = ... (8): 
multiplying them by a', S', c, and adding, we get 

1 + \(aa' + bb' + cc') + V(a" + &" + O = ... (9> 
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From (8) and (9) we have 

= aa' + bb' + cc' - (a' + b" + c') 

+ V {(aa' + bb' + cc'y - (a' + 5* + c') (a" + b" + O} 
and = aa' + bb' + cc' - (a'* + i" + c ') 

+ X {{aa' + SJ' + cc7 - (a' + &^ + c') (a"* + b" + O}, 

whence = - (a - a')' - C* - *')' " (^ ' <?T 

and therefore, from (7), 

(a - a7 + (& - 5')' + (c - c / 



w = 



(ab' - a'6y + (be' - S'c/ + (ca' - c'af ' 



( 128 ) 
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Taylor*s Theorem. 

82. Let y ==f{x\ and when for x we substitute successively 

a; + 82:, X + 2ixy x + 38a;, let the corresponding values 

of y be denoted by y^, y^, y^^ Then, by Art. (46), we 

have 

Vn =/(^ + ^^^) = y + Y % + ^ ^g sv + — + Y ^"V+^y^ 

and therefore, putting nhx = h, 



1 - - 



1.2 V n) ix^ 
1.2.3 V n)\ n) Zj? ' 

1.2.3.. .w \ nj \ nj \ nj \ n J Saf ^ "^ 

Suppose now the increment Sx to be indefinitely diminished, 
the number n being at the same time indefinitely increased, so 
that the product nSx = h may remain equal to a finite quantity. 
The number of the terms in the right-hand member of the 
equation will be indefinitely increased, and the ratios 

s/(x) sy(x) srcx) 

Sx ' Bx' ' Sa^ "'" 
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will converge to the limits 

df(,x) d^fjx) d^fix) 
~^~' ~d^' da? '"" 

or fix), fix), fix),.... 

moreover the fractions 

i-i. 

n 

n) V n)^ 



nj \ n}\ ;^ '* 



(where r is any positive integer less than w> which remains 
constant while n increases,) will all converge to unity. Hence, 
whatever be the magnitude of r, and whatever value be assigned 
to hy n may be taken so large that the sum of the first r + 1 
terms of the second member of the equation (1) will approach 
without limit to the expression 

f(x) + \f(x) + —fix) + —f'Xx)^ . . . . + ^L—fr{x). . .(2). 

We suppose that all the functions /(a:), yCa:),/" (a:), /"'(^X. . . • 
/^(a:), have finite values, an hypothesis without which the pre- 
ceding reasoning would be inconclusive : in fact the product of 
the expression 

h^ Srf(x) 

1.2.3 r Saf 

in (1) and the defect of its coefficient from unity, would assume 
the form x oo , a quantity not necessarily zero. 

We are not at liberty, from the conclusions already estab- 
lished, to regard the function y*(a: + A) as equivalent to the sum 

K 
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of the series (2J continued to an infinite number of termB. Fto'^ 
the (v + 1)"^ term in the series (Ij, supposing v to be a number, 
between r and n, much greater than r, and, in fact, comparable , 
with n, will not converge to the expression 

— ^ Mx) 



because the factor 



I- 



will not converge to unity, but, in feet, for values of v vi 
in a ratio of equality to n, will be reduced to zero. 
We may however always suppose that 



ry nearly 



1.2.3 ...r-' ^ " 
R, being an unknown function of x and h. If we determine 
the conditions that H., may lie between limits, which, as r in- 
creases indefinitely, become less than any assignable quantities, 
we shall have thereby ascertained the conditions under which 
the function f{x + K) may be considered to be equivalent to 
the series (2) continued to infinity. 

83. With this object in view, we remark that, if a function 
^Qi) is equal to zero when A = 0, and if its derivative 0'CA) 
retains always the same sign between the limits 0, h, ^yithout 
passing through infinity, the function ^ (h~) will have always for 
this interval the same sign as ^(Ji). For 



i 



p'(h) = the limit of 






and therefore S0(A), when Bh is indefinitely small, must have 
always the same sign as <f) {ft) &h, that is, 0(A) must, with the 
continuous increase of A, be continuously increasing or continu- 
ously diminishing accordingly as 0'(A) is positive or negative, 
but, by hypothesis, tf)(h)= when A = ; it follows therefore 
that <P(h) must always have the same sign as <f>'(h), ' 
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Suppose now that we assume, as we are evidently at liberty 
to do, that 



' 1.2.3 (r + 1) 



\fj being a symbol of unknown functionality. It is manifest then 
that we shall have determined inferior and superior limits to the 
value of 22„ if we ascertain two quantities P, Q, such that, for 
all values of hy 

fix + A) - [f(x) + \f(x) + ^^fXx) + yI^/'" W 

+ + fix) + —, ^^ . P\> 0, 

1.2.3 ... r'' '^ 1.2.3 ...(r+ 1) J 

fix + A) - |/(x) + \f{x) + l^fix) + 3^/"'W 
•^•••'-^{Jbr-^^^^"^-^ 1.2.3 .!^(r^l) -Q}""- 



...(3). 



Let 0,(A), 02(A), represent the former members of these two 
inequalities : the functions 0i(A), ^^CA), both vanish when A = ; 
hence, from what has been said above, we know that the inequa- 
lities will be satisfied if we have, for all values of A, 

«;(A)>0, 0;(A)<O, 



or 



fix + h).^f'{x) + \rix) + ^f'ix) + . . . . 

+ ^'""' -/'(a:) + ^1_ . P| > 0, 

1.2.3 ... (r - 1)"' ^ 1.2.3 ...r J 



/'(^ + A) - |/'(:c) + ^/"(^) + ^f'ix) + . . . . 

A-^ .,. . A- \ 

1.2.3 ... (r - 1) -^ ^^^ ^ 1.2.3 ...r" ^J ^ 



) ...(4). 







>/ 



But 0,'(A)> ^a'(A), are also functions of A which vanish when 
A = : hence the inequalities (4), and consequently the inequa- 
lities (3), will be satisfied if 

«,"(A)>0, ^,"(A)<0, 

k2 
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■^/>+'')- /"f^) + 7/"'W + 



1.2.3...(r-2) 



/'W + 



■ (S). 



nx^h)-inx)^'tr{x). 



■/'w -I 



I.2.3...CJ--2) ■•' 1.2.3...(r-l)' 

CoDtimiiag this treaBoning, it is evident that after f + 1 suc- 
cessive diiferentiations, we shall arrive at the inequalitieB 
/■■-'(:. + *)- P> 1 
/-•(a; + A)-Q<o] 
Now these final inequalities, and consec^uently the primitive 
inequalities (3), will be satisfied, if we a.ssign to P and Q 
respectively the least and the greatest value assumed by the 
derived function 



. (6)- 



for the valm 



I of J 



which lie b etwee 



^,= - 



X and X + h. Hence 

r^ix + eh). 



' 1.2.3 ... ((■+ 1) ' 
9 denoting an unknown numerical quantity lying between 
and 1. 

Hence we finally conclude that 

f{x + A) =/W + \f{x) . ^^r(x) + —/'"(-) + - 

_^.^^_^ A"' 

' 1.2.3 ... 



-/'C^) + 



.f"'(,x + eh)...(_i). 



1.2.3 ...(r+1) ■ 
Now, if the numerical values of the function /'"^(z) never 
exceed a certain finite magnitude \, for all values of z from 
X = X to z = X -i h, and for all values of r the index of dif- 
ferentiation, it is plain that 



' 1.2.3 ...{r + 1)' 
and then, whatever he the value of h, we may always take r so 
large that R, may become less than any assignable magnitude. 
Hence, in this case, the function f(x + h) will be equal to the 
series (2) continued to infinity, or 
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This formula is commonly called Taylor's theorem, after the 
name of its discoverer, Brook Taylor ; it was published in the 
year 1715, in his Methodic Incrementorum. 

Another Demonstration of Taylor^a Theorem, 

84. By the application of the elementary principles of inte- 
gration, a demonstration of Taylor's formula may be given, 
which has the advantage of determining not only the limits of 
R^y but also its actual value expressed by a definite integral. 
The student may pass over this demonstration until he has 
become acquainted with the Integral Calculus. 

Whatever be the function fy provided that it remains con- 
tinuous between the values of the variable designated by 
X and a: + A, we shall have 

fix + h) -fix) = / fix) . dx. 

In order to express more clearly the distinction between the 
general value of x under the sign of integration, and the value 
of X which enters into the expression of the limits, we may write 

fix^h)-fix)=ry'ix').dx', 

or, putting x = x ■¥ h - z, and therefore dx' = - dz, 
fix + h) ^f(x) = -J/'(x + h-z)dz 

= I f'{x ■¥ h - z) dz. 

But, integrating by parts, 

Vf\x ■\^h'Z)dz^ hf(x) + r zf"(x + h-z)dz; 

Jo Jo 

h r* 

hence f{x + h) -fix) + - fix) + I zf'ix + h - z) dz, 

1 Jo 

Again, integrating by parts, 

Czfix ^h-z)dz= '^h^f'ix) + \ r^^f'ix + h^z) dz; 
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hence 

fix + A) ^fix) + I fix) + ^/"W + i^///"'(^ + A - ^) ^^- 
Similarly we may shew that 

and generally, by a series of successive steps, we see that 

fix 4- h) ^f{x) + \f\x) ^ ^J\X) + ^^f"\x) -. ... 

TIT? — /'^^) + nr^^ r^f''\x ^h-z) dz. 

1.2.3 ... r*^ ^ 1.2.3 ... r Jo "^ ^ "^ 

Now, supposing P and Q to represent the least and the 
greatest value of the function 

f^^\x + A - z\ 

for the series of values of z comprised between and A, it 
is evident that we shall have 

\\'f''\x -vh-z)dz>^.P Cz^ dz = ^^^1 

and < |q rVrf;? = ^'1 . 

It appears therefore that the value of Rr falls between 

and 



+ 



1.2.3 ...(r 4- 1) 1.2.3 ... (/•+!)* 

and that moreover 

B, = ^- I ^f''\x ^h-z) dz, 

1.2.3 ••. T Jo 

which gives the actual value of M^ . 

Cauchy^s Expression for JR^, 

85. Putting z for x, and then replacing A by a: - ;2 in the 
formula (7), we get 
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1.2.0 ... T 

where C^) = , <^^ " ^ /-i {^^ + © (a: - z)], 
^^ ^ 1.2.3 ... (r + 1)-^ •■ ^ ^^ 

When r = 0, the formula (8) gives 

flj denoting a number between and 1, not generally the same 
as fl: hence, replacing /* by 0, and observing that, by (8), 
(:c) = 0, we have 

= <p{z) + (a: - «) <^'{z -\-6^{x- z)] (9). 

Again, by differentiating (8) with regard to z, we have, can- 
celling terms in the result which destroy each other, 

" = ife^r •/"■<^' * ♦■«■ 
whence, putting z -{ 0^{x - z) for z, 

1 *^tO ... / 

Consequently we have, from (9), since (p (x) = 0, 

l.z.o ..• /* 

and therefore we may replace, in the formula (7), the expression 
for the remainder Mr, viz. 

^ ./-I (x + Oh), 

1.2.3 ... (r + 1) -^ ^ ^ 

by this equivalent expression 

1.2.3 ... r *^ ^ 



186 DEVELOPMENT OF FUNCTIONS. 

Examples of Taylor* 8 Theorem, 

86. Ex.1. Let f(x)^\ogx. 

Then 
df{x) _ 1 d^fjx) _ 1 dy^x) _ 2 rfyCa;) ^ 2.3 
dx x^ dx"^ " it^^ dx^ a^' dx* a;* * ' " * 

and therefore 

Ex. 2. Let y*(^) = sin x : then 

-^^^'^ = cos X, -~r^ = - sin x. \ \ ^ = - cos x, 
dx da? da? 



% \ ^ = sin a; 
dor 



y . • , • y 



and therefore 

/(a: + >i) = sin (a: + A) = sin a; + - . cos a: sin x . cos x 

•^ ^ ^ "^ 1 1.2 1.2.3 

h' . . ^ 

+ sm X - occ. 

1.2.3.4 



Failure of Taylor's Theorem. 

87. In the demonstration of Taylor's theorem we have sup- 
posed that the function f{x) and its derivatives are all of them 
finite. If, for a particular value a of Xy this should not be the 
case, the theorem then becpmes inapplicable, or is said to fail. 
Suppose for instance that f{x) involves a term of either of the 

following forms 

<t^{x).{x-a)-^ (1), 

0(a:).(rr-ar" (2), 

m and n being positive integers, and o) a proper positive frac- 
tion. 

In the case of the form {\\ f{x) itself becomes infinite when 
X = a, and, in the case of the form (2), all its derived functions 
after the rfi^. These two forms comprehend the only cases of 
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failure which can present themselves in ordinary algebraical 
functions. 

Suppose that x = a + h ; then 



J. 



r *'(«)+ r-,*» + 



■which shews that a failure of the theorem, due to a term inf(x) 
of the form (1), corresponds to the existence of negative powers 
of A in the true development of_/(a + k). 
Putting 3: = a + A in (2), we see that 

(a:) . {x - of*" = ifi{a -v h). h'"" 



= |0C«)+7*W + 



;f'(a) + 



which shews that a failure, arising from ft term of the form (2), 
corresponds to the existence of fractional powers of h in the true 
development of f(a + A). 

88. When the first derived function of f{x) which becomes 
infinite for the particular value a of x, is of the {r + 2)'" order, 
we may employ Taylor's development provided that we do not 
carry it beyond the term involving h', and that wc take care to 
presei-ve the remainder R, which may be evaluated by the 
formula of Art. (84), a formula which is always applicable when 
the (r + 1)"* derivative, as we are now supposing, remains finite 
between the limits. 



Lagrange's Uteory of Functions. 

89. The extreme generality of Taylor's series had for a long 
time attracted the attention of analysts, when Lagrange con- 
ceived the idea of adopting it as the basis of a theory of func- 
tions, the object of which was to arrive at the conclusions of the 
differential calculus without introducing the idea of limits or 
infinitesimal quantities. We will give a brief sketch of the 
general system of Lagrange, which has been, until within the 
last few years, so generally adopted in elementary treatises. 
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Lagrange assumes, in the first place, that any algebraical 



function fix + h) can be developed in a si 



of the form 



fix) + <^ix) . h" + f ,(x) . ¥ + <l,,(x-) ./*'+.... 

He then proceeds to shew that, from the algebraical nature 
of functions, these powers of h can neither be fractional nor 
negative, so long as x and h remain general in form. He 
remarks that, if the series were to involve a fractional power 
of h, this term would have several values, and that accordingly, 
for a single system of values of a; 3.ndf(x), the function /"(« +A) 
would have several distinct values ; a conclusion which cannot 
be true for all values of x and fix), precisely as, to borrow an 
illustration from algebraic geometry, it is impossible that all the 
points of a curve should be multiple points. Again, if the 
series were to involve negative powers of k, he observes that 
the corresponding terms would become infinite when h ~ 0, and 
that consequently f{x) would be always infinite, which is im- 
possible, except for particular values of x. 



n, he concludes that the 
3ed in a general form by 



0/^) + AVi^^) + 



From the above : 
development of f(x + k) is exprt 
the equation 

The coefficient ip,(x) of A, Lagrange calls the derived function 
or derivative of f(x), and represents by the expression f'Qc). 
Having thus defined the method of derivation, he determines 
without difiSculty the law by which the functions ijt^x), ip,(x),. . . 
are derived from_/"(a;), and thus arrives at the formula of Taylor, 



/(2. + 4) ./(») + =/(«) + 



s/"W- 



/"W ^ 



I 



each of the successive functions /'(a;), f"(x), f"'(x),. . . .being, i 
derived from the preceding just &s f'(z) is derived irom f(x). I 
These functions are termed the first, second, third, &c. deriva- 
tives of fix), the order of derivation being indicated by the 
dashes. 

If then in the elementary functions x^, log x, sin x, &c, 
substitute X i h for z, and then expand, by the ordinary pn>- 
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oesses of algebra, (x + Aj", log (x + A), sin (x + A), &c., in series 
ascending by positive integral powers of A, the coefficients of the 
first power of A in these developments will be the first derivatives 
of x", log X, sin X, &c. The second derivatives may in the same 
I way be derived from the first, and so on indefinitely to higher 
> orders of derivation. The derivatives of compobite functions, 
which depend upon those of the elementary functions, may then 
be determined. 

The theory of functions therefore, according to the method 
of Lsigrange, resolves itself into a mere algebraical system, to 
the exclusion of what he considers to be the extraneous idea 
of infinitesimals or, in the language of Newton, fluxions. For 
the complete development of this theory the reader is referred 
to Lagrange's two systematic Treatises, entitled Thiorie des 
fonctions atialytigues and Lemons sur le calcul desfoncHons. 

Within the last few years the logical value of Lagrange's 
system has been called into question by all writers of authority 
both in France and in England. The chief objections to his 
method may be arranged under four heads. 

(IJ All inductions drawn from developments in the form of 
divergent series are devoid of sobditj', and frequently, as may 
be ascertained from actual instances, lead to erroneous results. 
It would appear therefore that Lagrange's method, as involving 
the consideration of series without regard to convergency, is not 
entitled to the reputation, which it originally posseesed, of being 
rigorously logical. 

(2) The hypothesis that /(a: + h) may be expanded in a series 
by positive integral powers of h, restricts the application of 
Lagrange's system to the ordinary functions of algebra, whereas 
the general theory of limits embraces all continuous fimctions 
whatever, and involves a code of doctrine which exists inde- 
pendently of its application to any subordinate science. 

(3) In the application of the theory of functions to geometry 
and natural philosophy, the idea of limits cannot really be 
avoided, although it may be disguised by the artifices of algebra. 
The doctrine of limits on the other hand, as explicitly involving 
in an abstract form essential principles of our conceptions of 
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curvature and of motion, 
'lications. 



lies in immediate contact with its most 1 



interestin< 



applica 



tefinitely c 



Inisliing 



(4) When the remainder R, k 
without limit as r increases, Taylor's series is convergent ; the 
converse proposition is not, however, generally true. The 
theorem therefore, regarded as an indefinite expansion, fails 
to express the true value of /(a: + A), not only whenever the 
series is divergent, but also, which constitutes a still greater ' 
limitation, whenever S, does not diminish indefinitely with tJie J 
increase of r. 



90. 



Slirliitg's TJieorem. 
If in the formula of Taylor we put x - 0,we get 



/W-/W + Y-/W + 

or, putting x in place of A, 

/W-/(o)4?./(o) + 



^/"(o) * 



-,/'(«) + 



-,rm 4 



=r(o). 



This theorem enables us to expand any fimction of ar in a 
series ascending by positive integral powers of a;. 

Its demonstration was given by Stirling in a work entitled I 
Methodus Differentialis, London, 1730, p. 102. The theorem | 
was afterwards given by Maclaurin in his Treatise of Fluxions, 
Edinburgh, 1742, p. G(0; and is now generally called Mac- 
laurin's theorem. It is in fact, as we see from the demonstration 
given above, merely a particular case of Taylor's theorem, 

Stirling's series, as well as Taylor's, from which it has been 
deduced, ought to be completed by a remainder. 

Let R^ represent the remainder, when we stop at the (r + 1)* 
term of the development : then 



f(^) =/(o) + f /'(o) + ^/"(o) + Y^/"'(«) - 



-— ■AO)+-fir'^ 
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the value of R^ being given in the form of a definite integral by 
the equation 

r;= — ^ — {' srr^Ux - z) dzy 

" 1.2.3 r Jo "^ . 

a formula derived from the expression for It in Art. (84), by 
first putting a: = 0, and then replacing A by ar in the result. 

Again, the limits between which R^ always lies, are 

and 



1.2.3 (r+ 1) 1.2.3 (r+ 1)' 

P', Qy denoting respectively the least and the greatest values 
o{ /"^^(x - z), or, which amounts to the same thing, of /**■**(«), 
between the limits z = 0, z = x. 

If fl, 0j, represent certain unknown numbers comprised 
between and 1, we shall have also for 22/ the two expressions 

1.2.3 (r+l)-^ ^ ^' 1.2.3 r -^ ^'^ 



Examples of the Application of Stirling's Theorem, 

91. Ex. 1. Suppose that f(x) = o*. 

Then 
f'(x) = log a . or, fXx) = Gog ay. a", /'"(a:) = (log a)\ a«,. . . . 

hence, putting a: = 0, 

/'(O) = log a, /"(O) = Gog ay, f"'{0) = (log a/, 

We have then, by Stirling's theorem, 
^ . 1+ ? log « t ^ Oog «)■ + i^ (log «/+•••+ OXTr ('°« "'' 

The remainder 

]:e log («)}"■ ^,.^ 

1.2.3. .. .(r + 1) ' 
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which is equal to 

xlog a X log a x log a x log a ^ 

1 2 3 r + 1 

will evidently approach without limit to zero, when r becomes 
indefinitely great, whatever be the value of x. Hence we are at 
liberty to put 

X X 3u 

a*=l +-loga + — (log of + (log a? + , 

J 5 1.2 ^ ^ "^ 1.2.3 ^ ® ^ 

the series being supposed to be carried on to infinity. 

Ex. 2. Let f{x) = log (a: + 1): 

then 

fix) = (a: + l)-',/"(a;) = - (a; + in/'» = (-)'• 1.2 {x + l)"',... 

and generally f'{x) = (-/*'. 1.2.3 (r - 1) . (a; + 1) '; 

w^hence 

/(o)=o, /'(o)=i, /"(o) = -i, /"'(0)=(-)M.2,...., 

/'(O) = (-/*". 1.2.3 Cr- 1). 

Hence log (.: + 1) = ? - ^ + |' - + (-/'' f 

r + 1 

If X be positive, then the expression i?r will diminish without 
limit with the increase of r, provided that 

^<l, x<X,.9x, x<^^: 

but 1 is evidently the least value of ^ : hence, if x have any 

positive value between and 1, 

log(a: + l)=|-^ + |'- , 

the series being prolonged to infinity. 

If X be negative, let - z represent its value : then 

1 ( -z ^'*' 



B = i-y 



r + 1 \ 1 - fey ' 
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and, in order that we may be sure of the propriety of regarding 
the series for log (a: + 1) as infinite^ we must have 

< 1, z < I - Oz, z< 



hence we are obliged to suppose that z is < ^, or that the nega- 
tive values of x are comprised between - | and 0. 

If however we take the other formula for Bfry we see that 

m^ = (-)-» (1 _ e,y. (1 + e,xy-' or' 



= (-r (1 - or- {^) 
=(-r(i-e.r-("-i3g^^)'*'. 

if we put Z--Z, Then the expression 

z - 9^z 
1- dz 

1 

will be less than unity, provided that 

^ - 0j2 < 1 - O^Zy ox z <\, 

Thus we see that the latter formula for B!^ allows a greater 
range of negative values for x than we could have inferred from 
the former. 

If then X have any value comprised between the limits - 1 
and + 1 , we know that 

log(a;+l)=---+--- + ...., 

supposing this series to be continued to infinity. 

Ex. 3. Let f(^x) = sin x. 

Then f'{x) = cos x, fix) = - sin x, f"(x) = - cos a;, ... 

whence /(0) = 0, /'(0)=1, /"(0)=0, /"'(0)= - 1, ... 

and therefore 

X a? x^ 

-^^ "^ 1 1.2.3 1.2.3.4.5 '' 
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r+l 



where i?/ = , ^ , , tt • (-V sin (fe) 

1.2.3 (r+ 1) ^ ' ^ ^ 

or R; —^ . irY cos (fiz\ 

' 1.2.3 (r+1) "^ ^ ^ ^' 

accordingly as r is odd or even. 

From these expressions it is plain that^ when r = oo ^ 

whatever be the value of x. 

Hence, generally, whatever be the value of x^ 



. XX X 

sin 0? = - — \- ■ ■ — • • • . , 

1 1.2.3 1.2.3.4.6 

the series being regarded as infinite. 

We might prove in the same way that, whatever z be, 

a? a:* 

cos a: = 1 — — H • • . t , 

1.2 1.2.3.4 

a series likewise infinite. 

Ex. 4. Let f{x) = (a + x^. 
Then f\x) = m{a + xy-\ f"{x) = m(m - 1) (a + :r)"-', 
/'"(^) = rn(m - 1) (m - 2) (a + xy^", .... 
fXx) = m(m - 1) (m - 2) (m - r + 1) . (a + a:)"""': 

whence /'(O) = a*,/'(0) = m a-'S /"(O) = m(m - 1) a-", 

/'"(O) = m(m - 1) (m - 2).a-', 

/•-(O) = »i(m - 1) (w - 2) . . . (m - r + 1). a"-^. 

We have therefore 

\ J 1 1.2 

m(m-l)(m-2) . 

^ 1.2.3 "* •^ + .... 

m(m>l)(m^2) ....(m~r-f 1) ^^ j>i 
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IV here R^ ^^(>^ - OC^ - g) - -; (^ " ^) . (« + Qxr^K^' 
^ 1.2.3 (r-f I) 

m(m-l)(m~2),...(m-r) (_^_Yr^^Q^y^ 
1.2.3 (r+1) \a-¥0xj 

Suppose that a; = a positive quantity : then, in order that Mr' 
may become zero, when r is made indefinitely great, since, as 
may easily be seen, 

m(fn - l)(fn- 2). . . .(m - r) 
1.2.3. . . (r+1) 

is not infinite, it is sufficient that 

< 1, X <a + uzy X < 



a + Ox ' ' i-e' 

and therefore, a fortiori y that 

X < a. 

If a: be negative, it will be convenient to have recourse to the 
second formula of Art. (90) for ^/, which gives 

or, putting - z for x, 

a; = m(m- l)(m-2) (m - r) .^ ^ q x.i 

l.^.o. • • •#* 

Hence 12/ will be reduced to zero, when r becomes indefinitely 
great, if 

^JLl^<ly z(l-e,)<a-e,Zy z<a. 
a — u^z 

Hence, for all values of x comprised between - a and + a, 
r ^«. «. ^ — 1 i»(m-l) _ , , m(m-l)(m-2) , 

1 l.iA 1.2.3 

+ ad infinitum. 

Ex. 5. Let /(a:) = 4^(3:) + €"*• ; 

and suppose that ^(x) is a function the development of which, 
by Stirling's theorem, may be continued indefinitely. 

L 



m.3^S 
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Then fix) = •^'(x) + 



, /-(o) . na), 



/"(»). ♦"fc)+ -3 



/"C0).*"(o), 



the deriTatiTea of e '■ being all zero when a: = 0, as will b 
dent when we consider that 



or — ^ , when s = oc, 

is eq^ual to zero for all positive values of m and n, a being any . 
positive number greater than 1. Thus we see that in this 
example Stirling's series for the development of f{x), when 
continued indefinitely, is convergent, and yet that it does not 
give for fix) a true value. In fact it makes the development 
oi /(x) the same aa that of *(a;), from which it would follow 

that ( ^ = for all values of x. This shews that the mere con- 
vergency of the series, although necessary, is not sufficient for 
its truth, there being an additional condition, viz. the con- 
vergency of the remainder R' to zero. 



Extension of Taylor's Theorem to Functions of two Variables. 
92. Suppose that in the function y(a:, y), z and y are replaced 
hy x + h and y -^ k; our object is to obtain a development of 
the function 

fix + h,y + k) 

by ascending powers of the increments h and k. 
Putting h = ah', k = ak', we have 

fix + h, y + A) =/(* + ah', y + ah'), 
which is a certain iimction of a, which we will denote by ^(a). 
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By Stirling's theorem. 



« 2 3 



(«) = (0) H- y . 0'(O) + ^ 0"(O) -f y^ 0'"(O) + .... (I). 
Now 
0'(a) = -7-f(x + aA', y + aA') . h' + -f fO^ + «^'* ^ + "''^) • ^' 9 

(ttC (ty 

or, to adopt a more concise notation, 

aa; ay 

differentiating again, 

for a third differentiation 

and so on indefinitely, the law of derivation being obviously in 
accordance with the binomial theorem : we thus have, generally, 

^ ^ '^ dor 1 <fe^ % 1.2 rfa:"-*rfy' 

From the expressions for 0(o) and 0**(a) it is plain that 0(0)=/, 
where/* is used to represent /(a;, y\ and 

^ ^ '^ die" 1 <fo^-Wy 1.2 daf-^dy' 

Hence, from (1), substituting for 0(0), 0'(O), 0"(O)> their 

values, and replacing aA', aA;', by A, >fc, respectively, we have 

f{x + A, y + A) 

+ -i- f A* ^+ 2AA —L + A' ^ 
1.2 \ efe* ctee/y dy^ 



1.2.3 



doir dxrdy dxdtf dy J 



4 &c (2), 

which is the required formula. x 2 
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The formula (2) may be expressed more briefly by the aid of ^ 
the Beparation of the symbolB of differendation irom those of the 
function upon which they operate. Thus 

ax ay \ dx ay) 

dx^ dxdy cb^ \ dx dy) 

the propriety of these symbolical expreBsions depending upon 
the principles of Art. (48), which shew that the laws of the 

combination of -=- and -=- are the same inter se as those of two 
ax ay 

symbols of magnitude. 

We accordingly see that 

1.3 \ dx dyj-' 1.2.3 \ tfo dyj-^ 

= s''^''^/ (3). 

Since h and k are any quantities whatever, we may put h = dx, 

k = dy, in which case 

, d hd , , d kd 
A-j- = -— ^ = d, k — ^ —-t = d ; 
ax dx ay dy ' 

whence there is 

f{x ^dx,y^dy)^ ,"'•'../. (4) ; 

or, since d^+ d^- D, D denoting total differentiation, 

/(x + dx, y^dy)^,^.f (5). 

Cor. The method of development which wc have applied to 
a function of two variablea may obviously be extended to a 
function of any number of variables whatever. Thus 

fix+h, y^k, « + ?,.. ..)=^'^**^*'^*'"./. 
whence also 

fix^dx, y-vdy, z + dz,....)= ,"'■■»■"' ./ 
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Failure of t) 



Theorem. 



h, y + k) by Taylor''s 



93. The development of f{x + h, y -v k), given in the pre- 
ceding article, fails for particular values of x and y, whenever^' 
or any of its pai'tial differential coefficients becomes infinite ; 
this failure being consequent upon the failure of Stirling's 
theorem applied to the expansion of ^C")- ^^ ^'^ likewise 
cease to be applicable for particulai- values of x and y, which 
render / or its partial differential coefficients essentially in- 
determinate. 



Limits ami Remainders of the Developmetit ofi(K + h, y + k). 

94. Let Mj be the value of the remainder which must 
complete the series (1) of Art. 92, supposing this series to 
be stopped at the end of the (r + l)* term; then, by Art. (90), 

, (1 - 8,;-"' 



m;.- 



J.2.3.. 



.r'(9«)- 



• *•"(«,")■ 



..(r+i) 

0, 6,, denoting certain unknown numbers comprised between 
and 1. Hence, if we stop at the term 

\ dx dy) 1.2.3 ...r 

of the series for the development of f{x + h, y + k), we must 
add the complementary remainder p,, where 



\ dx dy ^ 
-(1-9,)- 



dx 



' fix t 6/ 
■ 1.2.3 . 



'i) 



1) ' 



OjA) 



The numerical fractions 0, 6,, which enter into these formulte, 
being unknown, we cannot employ the formula for the actual 
computation of p, : they serve only in fact to determine limits 
between which the value of p, must lie. 
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The value of JB^' is equal to the definite integral 

l-li^Tr />"•(- -^)/^''^/^' 
whence, for the actual determination of p^, we have 

or, putting /^ = -^ > 

^' 1.2.3.. .r Jo \ dx dyj -^X ^'^ h) A'** 

By analogous reasoning we might shew also, as an equiva- 
lent formula, that 

In precisely the same way we might investigate symbolical 
formulae for the remainder in the development of a function 
f{x + A, y + k, ;5 + /,...), a:, y, ;?, ... being any number of 
variables. 



Example of the Application of Taylor* b Theorem for two 

Variables. 

95. Let f{Xy y)= be the equation to a curve, f(x, y) 
being a rational function of x and y ; and let it be proposed 
to transform this equation into an equivalent one for a new 
origin (a, j3). 

Putting a + x, + y, for x, y, we have, for the transformed 
equation, 0=/(a + :r, /S f y). 
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or, by Taylor's theorem^ the dimensions of the proposed equa- 
tion in X and y being », 

^ . df df \ ( ,dy ^ dy . dy\ 

•^ da ^ dfi 1.2 \ rfa» ^rfarf/3 ^ e^/B^ 

^ 1.2.3...^^ rfa- ^ 1 ^ rfa-^rf/3 ^ 1.2 ^ ^ rfa-V/S' 

Let, for instance, the equation be 

= Aa^-¥By'+ 2Cxy + 2A'x + 25'y + C : 
then f=Aa^-^ Bff' + 2Cafi + 2A'a + 25'i3 + C", 

^=2^a+2Ci3 + 2^', 

^= 25/3 + 2Ca+ 2.B', 
dfi 

the transformed equation will therefore be 

O^Ad'-^Bp^+ 2Cal3 + 2A'a + 2B'fi + C 

4 2x {Aa -¥0^ + A') + 2y (JB/3 -^Ca-^ B) 
+ Aof + JBy*+ 2Ca:y. 

Stirling's Theorem applied to Functions of two Variables. 

96. If, in the development of f{x + A, y + A;) by Taylor's 
theorem, we substitute and 0' in place of x and y, where 
and 0' are used to denote zero values respectively of x and y, 
and then replace A, A, by Xy y, respectively, we have 

/(*, y) =/(o, 0') + ^^ ^ + y ^)/(o, 0') 

'r2[''To^yd^'y^'''^ 

1 f d d\'.,^ . 

+ &c.. 
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which constitutes an extension of Stirling's theorem to functions 
of two variables. 

The expressions for the limits and remainder may be ob- 
tained at once from those for the development oif{x + A, y + A), 
by first putting ar = 0, y = 0', and then replacing A, k, respec- 
tively by x^ y. 



Lagrange* 9 Formula for the Development of Implicit Functions. 
97. Suppose that 

«=/(y) (1), 

y being an implicit function of x and z by virtue of the equation 

y = z + x^(y) (2). 

The object of Lagrange's formula, which we proceed to 
investigate, is to enable us to develop w in a series arranged 
by ascending powers of x, and which does not involve y. 

If ^'(y) be any function of y, y being a function of x and z, 
then 

sN-|)-s{*w-i} w> 

for it is plain that each of these expressions is equal to 

^^^^ dx- dz^^^^^- dxdz- 
Difierentiating (2), considering z constant, we have 

{i-^^fW) J-*(y) Wi 

and, considering x constant, 

|l--«*'W}t-' (5)- 
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From (4) and (5) there is 

i=*«-i •(«> 

From (1), differentiating on the supposition that z is constant, 

du /.,/ X dy 

-/'(y).^(y)-^, from (6). 

Hence, y*'(y) . ^(y) taking the place of *(y) in (3), we have 

rf'w d 



-|[r«.w«)-.|]. 



Differentiating again, we have 



da? dz dx 



[/■w •{*«)■. 11 



-|[/'W.{*W)-.|], byW, 
- £[/■&)■{**)}■. I], by (6). 

Proceeding in the same way it is evident that we shall have, 
generally, 

By Stirling's theorem, 

But from (2) and (5) it appears that y - z^ and -^ = 1, when 

dz 
a:= 0. 
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ii^i'S^trw-f^wi-i- 



»-/W+T.t/'W.*W]4 



1.2 ■ dx 



a! (C 



[/■«. {+»}■] + 



[/■(d.{*W}'] 



[/■W.{*W1'1 + -.C7)- 



1.2.3 its' ^ '~'' '■^'"^' J ■ 1.2.3.4 d^ 
In the particular case, when 

or, when fiy) = y, we have f'{z)=. I, and, instead of the 
formula (7), we have 

This theorem was given by Lagrange, in the M^moires de' 
Berlin for the year 1770, (see also his Equations Numerigues, 
Note XI.}, as a generalization of a pai'ticular development_ 
obtained by Lambert for the expression of the roots of certain 
algebraic equations : Lambert's results were published in the 
year 1758. A demonstration of Lagrange's theorem, due to 
Cauchy, which involves some important reflections respecting 
the convergency of the series, may be seen in Moigno's Lemons 
de Ccdcul Hiffirmtiel et de Calctd InUgral, torn, i., pp. 162-172. 
An expression for the limits of error committed in stopping at 
any term of the series, has been given by Murphy in the fourth 
volume of the Cambridge Philosophical Transuctions. 

Ex. 1. Let w = e + a: sin u. 

The determination of w in terms of x and z\.s& celebrated 
problem in astronomy called Kepler's problem : the variable n 
denotes a quantity which varies as the time, the coefficient x 
represents the eccentricity of the elliptical orbit of a planet, and 
the variable w is an angle called the Ecoenlric Anomaly. 
f (=) - .in .-, 
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« 

— [{0 (;?)}'] = -r- {(sin zf] = 2 sin ;? cos z = sin 2Zy 

(tZ O/Z 

d^ rf' rf' 

-j-i {0(^)1^ = j-j.(sin;2;)' = -r-2 .(|sin2;-Jsin355)=-Jsin2+|sin32J. 
dz dz dz 

Hence, as far as the term involving ^, we have, by formula (8), 

u = z + sin z . - -^ sia 2z , — + ? (3 sin 3;? - sin ;?) . + ... 

1 1.2 ^^ ^ 1.2.3 

Ex. 2. Let y = z -^ z sin y, and u = sin y. 

Then /(z) = sin z, *p (z) = sin z, f'{z) = cos z : 

f'{z) , (fi{z)- sin a cos ;5 = j sin 2^, 

/'(^) • (0 (^)}^ = cos « . sin' 55 

= \ sin 2;? . sin 2: 
= \ (cos « - cos 32J), 

^ [/'(^) . {0 (^)}T = J (3 sin ^z - sin ;^), 
f'{z) . {^ (;?)}' = cos 55 . sin' z 

= J sin 25; . (1 - cos 2z) 
= J (2 sin 2z - sin 42), 

^ [/'(^) . {0(^)n = i (cos 2z - cos 4;^), 

S [/'(^) • (0 (^)}1 = (2 sin ^z - sin 2z), 
Hence, as far as the term involving 0?^ we have by formula (7), 

w = sin 55 + A sin 22 . - + 1 (3 sin 35: - sin z) . - — 
* 1 1.2 

+ (2 sin 455 - sin 2z) , + . . . . 

^ "^ 1.2.3 



Lapldce^s Formula for the Development of Implicit Functions, 

98. Suppose that u =f{y) (1 ), 

and y^F{z-\-x ^(y)} (2). 
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Diflferentiating (2), considering z constant, we have 
% = F-{z + x^(y)}. |^(y) + ;cf (y). ^|, 

[1 - F {« + « (y)} . « «'(y)] g = J" {z + « ^ (y) } . (y)...(3); 
and, considering x constant, 

| = F{...^Cy)}.{i..«'Cy).|}, 

[\-F{z + x^(y)} . x4>-(y)] .^^^r{z + x«(y)} .... (4). 
From (3) and (4) we see that 

i-*«-i «■ 

From (1), diflferentiating on the supposition that z is constant," 

Differentiating again, and bearing in mind the theorem estab- 
lished in the preceding article, viz. 

-i [/■«.(*«}■. I]. 

Differentiating again, we have 



4- 



-£[/-w.(*«r|] 



DEVELOPMENT OF FUNCTIONS. 157 

Proceeding in the same way we have, generally, 



rx[/W.{«(y)}"|]. 



Froih (2) and (4) it appears that, y = F{z)y -f- = F{z), when 

dz 



o: = 0, and therefore 

Hence, by Stirling's theorem, viz. 
we have, putting for the sake of brevity y{i^(2)} =/,(«), and 



which is Laplace's formula, first given by him in the Mimoires 
de VAcad&mie des Sciences y 1777, p. 99. Lagrange's formula 
is evidently a particular case of Laplace's, from which it is at 
once derived by putting F(z) = z. 
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SECOND PART. 



GEOMETRICAL APPLICATIONS. 



CHAPTER I. 



TANGBNCY. 



Definition of a Tangent and of a Normal, 

99. Let P, Q, be two points of a curve ABy (fig. l), and 
suppose that an indefinite straight line H' K' is drawn through 
these two points. Conceive the point Q to move towards P; 



Fig. 1. 




tlien the secant H'K' will keep tending towards a certain limit- 
ing position^ and ultimately^ that is^ just as Q is on the point of 
coalescing with P, is said to be a tangent to the curve at P. An 
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indefinite straight line fF" drawn through P, at right angles toM 
UK, the limiting position oi H' K', that is, at right angles to J 
the tangent at P, is called a normal to the curve at the point P. 

Inclinations of the Tangent and the Normal at any point of a 
Curve to the coordinate Axes. 
100. Let Ox, Oy, be rectangular axes of coordinates, (fig. 1), 
AB being a curve contained in the plane xOy. Let x, y, be 
the coordinates OM, MP, of P, and x' , y' , the coordinates of Q- 
Let c denote the length of the chord PQ.. Then the cosine, y 
sine, and tangent of the angle K' T' x, T' being the point in ( 
which S' K.' cuts Ox, are respectively 



When X approaches indefinitely near to x, m consequence t 
the approach of Q. towards P, then ultiroately, o denoting- 1 
the angle KTx, where T is the point in which HK cuts Ox,ik 
8 representing the arc AP, and s' the arc AQ, 

cos a = the limit of 



tan a :; the limit of ^, — ^ 



hence cos a 



dx 



^1 cos /3 =. sin < 




But, by Newton's Seventh Lemma, in the first section of the 1 
Principia, we know that 

the limit of - 



Again, (3 denoting the angle PGO, Q being the point i 
which the normal t^F'cuts the axis of z. 
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We may express cos a and sin a in terms of dx and dy 
alone^ without ds : thus, adding together the squares of the two 

equations 

dx . dy 

cos a = — - , sm a = -^ , 

as ds 

dx^ d'if 

or d^ = efe' -f dy*. 

TT 9 dcf . 2 dy* 

Hence cos' a = --^^ — —-, sm' a = -^ ^ , , . 

dx + d^f dsir + d'lf 

Again, supposing the equation to the curve to be 

w = 0, 
we have, by differentiation, 

du , du , 

rr- aa: + -3- oy = 0, 

dx dy 

, , « , , du du 

and therefore dx : dy :: - -r- : -^ , 

dy dx 

d^ 
whence sin' ^ = cos' a = --/^^ = .^^ , 

*co8' /3 = sin' a = -M—^.J^ 

<fe» + rfy' rfM* rfw' ' 

d!r' dy' 
dt« 

cot /3 s= tan a = -^ = - — . 

dy 

Ex. To find the inclination of the tangent at any point of an 
ellipse 

— + — = 1 

o' ft' 

to the coordinate axes. 

M 
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Here 



Hence 



cos a = 



du 2x du 2y 
dx cf^dy V 



2yY jr 

V) ^ ft* 

2y Y x^ y* ' 



2a: 



^ M -fa T* + 74 



a 



a 



sin a = 



ij 



a' 



?' 



yj \b') a' b* 
2x 

tan a = - ^ = 5" . 

2y ay 

The negative sign in the expression for tan a, supposing x 
and y to be positive, shews that the angle PTx is obtuse, instead 
of acute, as in fig. (1). 



Eqtmtions to the Tangent and the Normal at any Point of 

a Curve. 

101. Let JR, fig. (2), be any point whatever in tBfe tangent 
HK at the point P of the curve AB. 



Fig. 2. 




^JT 



Let (x, y), (x, y), be the coordinates of P, J8, respectively. 
Then, r denoting the distance between P and It, 



and therefore 
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X - X - r cos a = r -rr- 9 

as 

dy 
y - y = r sm a - r -f ; 

Cl/S 

x' - X y -y 
dx dy 



a form of the equation to the tangent at P. An equation, 
usually more convenient, may be obtained in the following 
manner. 

Differentiating the equation w = to the curve, T^e have 

du ^ du , 

— dx-^—dy^^', 

ax ay 

multiplying the former and the latter term of this equation by 
the two equalKjuantities 

X - X y' - y 
dx ^ dy ^ 

respectively, we obtain, for the equation to the tangent, 

. , ^du f , V du 
(. -.)- + (y-y)-=0. 

The equation to a line through the point Xy y, at right angles 
to the tangent, that is, the equation to the normal at P, will 
therefore be, as we know by the condition of perpendicularity 
given in treatises on algebraic geometry, 

{t: - x)dx \ (y - y) dy ^ 0, 

X - X y' - y 
du du 

dx dy 

Ex. To find the equations to the tangent and normal at any 
point of an ellipse 

2 2 

M 2 
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Putting for -7- , -r- , their values — 5 , -7? , we get, for the 
dx dy (TO* 

equation to the tangent, 

or, by virtue of the equation to the ellipse, 

a^ V a' V ' 
and, for the equation to the normal, 

a' V 



Distance of the Origin of Coordinates from the Tangent. 

#• 

102. Let S denote the distance of the origin from the tangent, 
E being the inclination of S to the axis of x. Then the equation 
to the tangent must coincide with the equation 

x' cos s + y' sin g = S. 

Comparing this equation with each of the equations to the 

tangent, viz. 

x' - X y' - y 







dx 


dy 


9 




we see that 


, du 
dx 

1 


, du 

COS 


du 

m 

dx 

X 


du 

'yTy' 

du 
dx 






dx(±-^ 
\dx 


TV 8 
dy) 


du 

d^'y 


du^ 
dy 










du 






1 


sin 


6 

X 


dy 


. 




^[i- 


dx) 


du 

dx'y 


du^ 
dy 
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and consequently 

dtf dif 

(xdy - ydxf ^ ( du dv>^^ 



dx dy 



which determines the value of 8. 



Intercuts of the Tangent. 

103. Let Xq be the value of x' in the equation to the tangent 
at any point of a curve when y' = 0. The length x^y viz. OTin 
fig. (1), is called the intercept of the tangent on the axis otx. 

It is easily seen from the two forms of the equation to the 

tangent that 

du du 

xdy - ydx _ dx dy ^ 

dy ^ du ^ 

dx 

in the same way, y^ denoting the intercept of the tangent on the 

axis of y, 

du du 

1 J ^-1- -^ y -T- 

ydx - xdy _ _ dx dy 
d^~^ "^^ ^ 

dy 



Subtangent. 

104. The portion MT, fig. (1), of the axis of x, contained 
between its intersections with the ordinate and the tangent at P, 
is ordinarily called the subtangent at the point P. It is evident, 
from the equations to the tangent, that MT is equal to 

du 
dx dy 

dx 
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Length of the Tangent 

105. The word tangent is sometimes used to denote the finite 
line PTy fig. (1), included between the point P of contact of 
the indefinite tangent HK with the curve and the point T in 
which the indefinite tangent cuts the axis oix. In this sense of 
the word it is plain that the length of the tangent is equal to 

~ du\dx^ dy^ 
dx 



Normal and Subnormal. 

106. The finite lines PO, OM, fig. (1), G being the inter- 
section of the indefinite normal UV and the axis of x^ are 
frequently called the normal and subnormal respectively. It is 
plain that the subnormal is equal to the value of x' - x deduced 
from either of the equations to the normal, when y = ; or 

du 
dx du 



and therefore 



dy 



y'^f%^-PG-W-^f 




Form of the Equation to the Tangent to Curves of which the 
equations involve only rational functions ofii and y. 

107. Let w = be the equation to a curve; and suppose that 



«^ = Wq + W, + Wj + t^3 + . . . . + W^j 



u^ denoting a homogeneous function of x and y of r dimensions. 
Then the equation to the tangent at any point x^ y, will be 



X 
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,fdu, du^ du^ du 



,( du. du^ du^ du \ 

\di/ dy dy dy ) 



\dx dx dx dx 

+ «t^^, + (n - 1 ) Wj + (w - 2) Wj + (» - 3) W3 + . . . . + %u^_^ + w„.i = 0. 

Lbmma. Let t? be any rational function of x and y, of 

r dimensions: then ^ r a .. 

t? = S {ex yP)y 

where c is a constant coefficient, and a + j3 = r, the term cx'^y^ 
being a type of all the terms. Then 

and therefore 

dx dy 

= S{c(a + j3)a?«y^} 
= r S (cxf^y^) = rt?. 
By virtue of this Lemma we see that 

du du « « / ^\ 

^^ + y^= e^j + 2w, + 3e^3 + ... +(n- l)w„_i + wt^„: 

but = nu^ + nu^ + nu^ + nWj + ... + nu^_^ + «w„ ; 

hence 

du dtji 
x — '^y — = -nu^-(n-l)u,-(n''2)u^-{n-S)u^ ^W-^^^^n-i^ 

and therefore, from the equation 

, du , du du du 
dx dy dx dy* 

du 
we 



, (du. du^ du^ 

get a; -V + -v + -7^ + • • • • + 
\dx dx dx 



dx 



J du. du„ du^ du 

"^ \dy dy dy dy 

-\-nu^-^(n- l)e^j + (n-i)t^,+ (n-3)w,+ ... + 2w^., + w„_j = 0. 
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Ex. To find the equation to the tangent at any point of 
the conic section 

0*" + Sy* + 2ftry + 2a'x + 2h'y + c' = 0. 
By the above formula we see at once that 

a:* . (a' + cy + az) + y' . ( J' + ca: + by) * c' + i/x + h'y = 0. 

Oblique Axes. 

108. The forms of the equations to the tangent are not 
altered if ve suppose the axes to be oblique instead of rect- 
angular. 

Let P, P„ (fig. 3.) be the two points in which the secant 
H'K' cuts the curve AB, referred to oblique axes Ox, Oy. 

Fig. 3. 




Draw PM, P,M,, PM', parallel to yO and cutting Ox in 
M, Jf„ M", P being any point whatever in the secant SK'. 
Draw Pp,p', parallel to Ox, and cutting P,^,) PM', in />„ p'. 
Let OM=x, PM=y, OM, = x„ P.M^-^y,, 03r = x', PM' = y'. 
Then, by the similarity of the triangles PpP, P^p^P, we have 

11 la, 
pp' Pp. ' 

X - X x^- X 
In the limit, when P^ moves indefinitely near to P, x^, y,, 
become x,y, respectively, and 
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becomes -—- . The secant H'K' also becomes a tangent to the 

Otic 

curve at P. Thus the equation to the tangent at P is 

x' — X dx 

^ " ^ ^y' " y , 

dx dy 

whence also, as in Art. (101), we have, as another form of the 
equation, .du , , .du ^ , 



( no ) 
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ASYMPTOTES. 



Definition of an Asymptote. Method of finding Asymptotes, 

109. An asymptote is a tangent line to a curve, such that, 
although the distance between the origin and the point of 
contact is infinite, the perpendicular distance of the origin from 
the line is finite. 

Ex. 1. Take for instance the curve 

u '^ a' - y = ; 

where a is supposed to be a number greater than unity : then, 

by the formula 

du , du , du du 

dx dy dx dy 

we have, for the equation to the tangent at any point, 

log a.(f,x' - y = log a,(f ,x - y 

= X log a.(f - (f. 

Suppose now that a; = - oo : then a* = 0, and 

« z 

X .a — , z — Qc ^ 

a' 

' =0. 



log a . a' 
Thus the equation to the tangent becomes 

y = 0, 

the equation to an asymptote coincident with the axis of x, the 
coordinates of the point of contact being - oo , 0. 
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Ex. 2. Take the curve 

u = a7? + :c^ - y' = 0. 

Then the equation to the tangent will be 

{2ax 4 Zo^) x' - ^y^y' = ^aa? + 3 (a;' - y') = - ax^. 

Suppose that x^oc \ then from the equation to the curve 
we have ^ ^,s 

X 3r X 

thus the equation to the tangent becomes 

Zx - Zy - - a, 

which represents an asymptote. 

From the preceding observations it is plain that the following 
may be regarded as a general method of finding asymptotes. 
Assume a: = oo , or y = oo , and then ascertain whether in each 
case the vahie of either of the intercepts x^, y^, of the tangent 
is finite : if one or both of the quantities x^, y^, be finite, they 
will correspond to the existence of an asymptote, the position of 
which they wiU define. 

Asymptotes of Algebraic Curves, 

110. The method of determining the asymptotes of curves, 
which has been developed in the preceding Article, although 
always applicable, is not however so convenient in the case of 
algebraic curves as the one which we shall now propose. 

The equation to the tangent at any point (a:, y) of a curve 
may be written in the form 

X dy - y'dx = xdy - ydx^ 

Assume a; = - , y "= — » 

r r 
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A, fi, r, being all regarded as variable. Then the equation 
to the tangent becomes 

X (rd/jL - fidr) - y' (rd\ - \dr) 
= - (rdfi - fidr) - - (rdX - Xdr) 

T T 

= Xdfi — fidX. 
Suppose now that, to render either a: or y infinite, we equate 

r to zero, and let the corresponding values of A, pt, -j- , -j- > 

or uT 

be denoted by (A), (/x), ( ;7- ) > ( ;t- ) > ^^^^n the equation becomes 

(W-W«'-w(f)-«(g), 

which will be the equation to an asymptote, provided that the 
ratios between (\), (/a), and W ( ;?- ) - (/*) ( 3~ ) > having been 

evaluated, it is reduced to the form of the equation to a line 
passing within a finite distance firom the origin. 

Remarks on the Eqtiation of the preceding Article. 

111. Before proceeding to apply the equation of the pre- 
ceding Article to particular examples, it is important to shew 
that the value of 

« (S) - « (f 

depends solely upon the product of (X) or (/a), and a function of 
the ratio between (\) and {fi) ; and that the ratio between (X) 
and (ji) may be always determined. 

The equation to the curve, when - , - , are substituted for 



\ 
r r 

Xy y, respectively, and when negative powers of r have been 
eradicated, may be written under the form 



. = VFJ .,.x-/gV....=o, 
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n being the degree of the terms of highest dimensions in V 

";"" /mm ■«■ 

Differentiating with regard to r we see that, r being after- 
wards equated to zero. 



mi' 



Similarly we might shew that 



<^)(S)-«(^; 



depends only upon the product of (/u) and a function of the 
ratio of \ to yLt. Now the ratio between (X) and (fi), putting 
r = 0, is discoverable from the homogeneous equation 

^ (\, /a) representing the terms in v of highest dimensions 
in X and /a. Hence the equation for finding asymptotes may, 
for each asymptote of the curve, be reduced to the equation 
for a definite straight line. 

Examples. 
112. Ex. 1. Take the curve 

xy* - a^ + 2dy = 0. 

Then \yf - X' + 2aV/A =0 (1), 

and ^ ^/^ - 3X') + (2X/a + 2aV) ^ + 4aVr = . i . . (2). 

From (1) we see that 

(\) {(yi*)' - (X)'} = 0, 
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and from (2), ( '^) {(/*)' - 3 (X)'} + 2 (X) (/*) (^1=0. 



Hence we have the three systems 

dfjb 



dX 



= 



dr 



dr 



= 



(\) = - (/i) 
dr J \dr 



= 0} 



Hence, from the equation 

we obtain, as equations for the three asymptotes of the curve, 

a;=0, y-a: = 0, y-i-2:=0. 

Ex. 2. Take the curve 

xy^ - ^y + ay'^ - hx^ = 0. 
Then X/x' - X^ + «^/*^ - ^^^ = 0, 

and (/i^ - 2X/Lt - 24rX) -— + (2X)L6 - X*+ 2ar/i) -^^ayf- JX' = 0. 

air or 



Hence we have (X) (/i) {(/^) - (X)} = 0, 
and {(/*)•- 2 (X) (/x)} 



dr 



We have therefore the three systems 



'^^\{2CX)(y.)-(X)')f§^ 






(X)=0 



[(S)"-»" ' 



f Cm) = 

dfJb 



dr 



b^O 



9 < 



(X) = C/t) 



'^'^\^f^Ua_i = 



dr 



dr 



> . 



J 



Hence there are three asymptotes corresponding to the 
equations 

a:' + a = 0, y' + J = o, y - x = b - a, 

Ex. 3. Take the curve 

od^y - a? - Sbxy + 2b^y = 0. 

■ 

Then XV - X' - SbrXfju + 2^V/i = 0, 

whence (X/ {(/i) - (X)} = (1). 
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Also (2X)L6 - 3V - Zbrfi) -y 

aT 

+ (\' - SbrX + 2bV) ^ - 3b\fi + 4b'rfi = (2). 

From the equation (1) we see that (X) = 0, or (X) = (jul): in 
the former case the equation (2) becomes nugatory : in order 
therefore to obtain the required results, we must differentiate 
this equation with regard to r. Thus, remembering that r = 0, 
(X) = 0, we have 

whence (^) = J, or (J) = 2b. 

Thus we have two asymptotes represented by the equations 

x' = J, x' = 2b. 
Again, supposing that (X) = (/i), we have, from (2), 

so that there is a third asymptote represented by the equation 

y' - x' = Sb. 



Algebraical Method of finding Curvilinear and Rectilinear 

Asymptotes, 

113. Let the equation to a curve be reduced if possible 
to the form y -f(x); and suppose f(x) to be developed in 
a series of descending powers of x, so that 

Then, when x is indefinitely great, the terms involving 
negative indices will vanish, and the equation to the curve 
will ultimately be equivalent to 

y = ajK"^ + a^_ja:«*-^ 4 + a^x -¥ a^; 
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which is therefore the equation to a curve approaching the. 1 
proposed curve asymptotically, that is, to a curvilinear asymp- i 
tote. If m be equal to unity, which is the most important case, ' 
the asymptotic equation will designate a rectilinear asymptote. 
Should there he a rectilinear asymptote parallel to the axis of y, 
tliis method ivill fail to detect it, for the equation y = a^x + a^ 
will not represent straight lines parallel to the axis of y. 
In order to discover asymptotes parallel to the axis of y, we " j 
might obtain a development for x in descending powers of y. • 
It is, however, frequently easy to ascertain by inspection these 
asymptotes; for, the value of y in the equation y =/(x) being 
infinite for the abscissa corresponding to such an asymptote, 
we have only to equate to zero the denominator o{ /(x): the 
corresponding values of x being ascertained, the indefinite 
ordinates belonging to them will be the required asymptotes. 
This method of finding asymptotes was first given by Stirling, 
in his Lineee Tertii Ortlinis Newtoniana, p. 48. 
Ex. 1. To find the asymptotes of the curve 



hetice the equations y = ±{x -v i^a 

determine two rectilinear asymptotes. 

Again, y = oo when x is equal to a ; 



s the equation to a third asymptote. 

Ex. 2. To find the asymptotes of the curve 

a? 
ay^^~^. 
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If X be equal to b, y is equal to infinity : thus 

X ^ b 
is the equation to an asymptote parallel to the axis of y. 

Again, ay^a?{\--\ =a:'fl+-+-j+-.. J, 

whence it appears that the curve has also a parabolic asymptote, 
of which the equation is 

cy = a;' + Ja: + V. 

For additional information on the subject of asymptotes, the 
reader is referred to a paper, by Mr. Gregory, in the Cambridge 
Mathematical Journal for November, 1843, and to a paper in 
the same Journal for February, 1841. 
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CHAPTER m. 

MULTIPLE POINTS, CUNJCGATE POINTS, CUSPS, ETC. 



Definition. 

114. A multiple point is a point through which two or more 
branches of a curve pass. Thus, at the origin of coordinates of 
the curve of which the equation is 

there is a double point; that is, a multiple point of two branches. 
The form of this curve is indicated in the following figure : 



<E>?^-- 



A conjugate or isolated point is a point, the coordinates of 
which satisfy the equation to a curve, while if to either z ot y 
be assigned any value differing ever so little from its value at 
the point, the corresponding value of t/ or a; respectively will 
be imjKissible. Thus, supposing a to he less than c, the curve 

will have a conjugate point, of which the coordinates arc {a, b). 

For, if we put x = a ±h, where A is indefinitely small, {y - if 

would he equal to a negative quantity, which i 

so long as y is possible. In Hke manner, if we put y = 

k being indefinitely small, it appears from the equation to the 

curve that x cannot have any possible value nearly equal to a 
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POINTS, 



A cusj) is a point where two branches of a curve stop 
abruptly and have a common tangent. Thiis, the curve he- 
longing to the equation 

y' = a:" (o' + z') 
has a cusp at the origin, the conunon tangent of the two 
branches coinciding with the axis of x. The following is 
the form of the curve : 




which belongs to a 



• which has a cusp at the origin of coordinates. 

There are two species of cusps ; tlie ceratoid, so called fi-om 
its likeness to the homa of cattle, the curvature of the two 
branches lying in opposite directions, and the ramphoid, so 
called from its likeness to the beak of a bird, the curvatuo'e of 
the two branches lying in the same direction. The former 
figure affords an instance of a ceratoid, the latter of a ramphoid. 



Analytical Property of Multiple Points in Algebraical Curves. 

115. \i u--f{x,y)= a represent the equation to an alge- 
braical curve cleared of radical and negative indices, the values 
of X and y, at a multiple point, will satisfy the equations 

■^-o. t-o. 
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Let a, b, be the coordinatea of a multiple point. It is cleat . 
that, since two or more branches pass through the point {a, b), 
there must be two or more values of y corresponding to the 
value a ± h of x, where h is indefinitely small, one value for 
each branch ; and that when A = 0, that is, at the point (a, i), 
all these different values must become equal values ; hence 
it appears that the equation f(a, y) = must contain two or ' 
more values of y, each equal to b, and that therefore the 

equation — f(a, y) = 0, its derivative, must (by the theory 

of equations) contain one or more roots, each equal to J. 
Similarly, the equation f(^x, J) = must contain two or more 

roots, each equal to a, and its derivative — f{x, i) = must 

contain one or more roots, each equal to a. Hence the values ' 
of X and y, which correspond to a multiple point, must satisfy | 
the equations i 

da „ f^*' n 



dx 



dy 



where -r- and -- are the partial differential coeffici 
dx dy 

with regard to x and y. 

Cor. Differentiating the equation w = 0, we have 

du 'i^ ^y _ r,. 
dx dy dx 



dx 



indeterminate form - . 
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Analytical Property of Cusps in Algebraical Curves. 

116. The analytical piopcrty which, we have established iu 
the case of a multiple point holds good also in relation to cusps. 

First, let us suppose that the tangeut at the cusp is not 
parallel to either of the coordinate axes. Then it is evident 
that the very same reasoning is applicahle to cusps as to 
multiple points, in consequence of the common feature which 
they possess, viz, that the value a + A or « - A of a: corresponds 
to more than one value of y, and the value b + k or b - h of 
y to more than one value of x. 

Secondly, let the tangent at the cusp be parallel to the axis of y. 
Then, when y=b + k or b-k, x will have more than one value, 
and therefore, when k is equated to zero, and the values of z 
are thereby made equal to a, tlie equation /(x, ft) = will have 
more than one value a of x. It follows, therefore, that at such 

a cusp ■—- = 0, Again, differentiating the equation to the 



I! have 



du f^M <^y _ „ . 

dx dy dx 
nee the tangent is parallel to the axis of y ; and 

du _ 



= 0, it foUows that -j- must also be equal 



Hence, at a cusp as weU as a multiple point, 
du du 

«-». :r-0' !■-»■ 



Analytical Property of Corrugate Points in Algebraical Curves. 
117. The same property may be proved to hold good also 
for conjugate pointa. 

Let (a, ft) be the coordinates of a conjugate point. Then, 
when x = a±h, ox y = b±k, h and k being very small quantities, 
the values of y and x respectively must, by the nature of a con- 
jugate point, be impossible. But, as we know by the theory of 



J 
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equations, impossible roots enter rational equations by pairs, i 
and must therefore, on the alteration of the values of the 
coefficients, by pairs degenerate into possible ones. Hence, 
when we put x = a, the equation f(a, J/) = must have at least 
two equal values b for y ; and therefore, by the theory of 

equations, the equation —f(a, y) = must have one of these 



must have at least one root a in common. Hence, for thftj 
existence of a conjugate point it is necessary that, as 
case of multiple points or cusps. 



= 0, 



dy 



Determination of the Mtdtiplicily and of the Directions of the 
Tangents at a Multiple Point. 

118. Let u =/(«„ y,) = (1) 

be the equation to a curve free from radicals and negatiye'B 
indices, a;,, y,, being the coordinates of any point whateverj 
in the curve. Let (x, y) be a multiple point: then at thigj 
point we know that 



%'"• 



Let x+ h, y + ^ 
multiple point : thi 
respectively, and expanding f(j, 
we have 



be another point of the curve near 
, from (1), putting x + h, y + k, for x,, ff^,M 
h, y + k) by Taylor's theorem 



dx 



dy 

\, d'u 



dxdy 



I- ZhW- 



dx dy'' dy' ) 
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or, by (1), (2), 



dx (Iff d>/' J 



1.2.3 V 

+ &C. 



dsffdy 



dxdy' 



. (3). 



Suppose that at the point in question the lowest partial 
differential coefficients of u, of which at any rate all do not 
vanish, are of the w"" order ; then the equation (3) is reduced to 



1.2.3. ..n \ 



dx' 



^ h-'k 



, n(n-\) 



dsf'd)/ 



/*"-'A' 



dif 'dy' 



Put h = Xx', k = Xt/' : then, dividing 
ing by 1.2.3 ... n, we get 

d:ir-'dt/ l.S 



out by \" and multiply* 



-^-"r^i 



" dsf-Mif 

+ . . . . + y'" — h X (a aeries of terms). 

Now in the limit when h : k :: dx : dy, the quantity \ will 
become less than any assignable quantity, and therefore the 
equation will ultimately become 

n = '" ^ 2 "-' ' '^"" «(»-!) ,,.,,, d"u 
d^r'^ l^ ^ da^-'dy "^ " 1.2 ^ dt^Mf 



This equation, which is homogeneous in x' and y', is equiva- 
lent to n linear equations in x' and y, which wiU represent the 
tangents to the several branches of the curve, n in number, at 
the point {x, y), the point (x, y) being considered the origin of 
coordinates. Thus the degree of plurality of a multiple point is 
defined by the order of the lowest partial differential coefficients 
of H which do not vanish. 



i 

i 
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Ex, I . To determine the multiplicity of the point a; = 0, y = 0, 
the curve m = a:* + « 

At the point in question 



- axy' = 



du 



dx 
= t2z' = 0, 



= A3? ~ ay' ■= 0, 



dti , , 






dxdy 



- 2ax,y = 
12y'-2, 

' df 



Hence, for the determination of the tangents at the multiple | 
point, which we see is a triple point, we have, substituting for i 
the partial differential coeificients in the equation 



,.. d'u 



f Bx'y - 



- + Sx'y" -. 



^!''x-= = 0. 



dx" ^ "" ^ d^dy 

- 6aa;y° = 0, 
which is equivalent to x = 0, and y" = 
the former of which equations shews that the axis of y touches 
one branch of the curve, and the latter, that the tangents to two 
branches coincide with the axis of x. The form of the curve is 
exhibited in the diagram : 




Ex. 2. To determine the multiple points of the curve 

(y' - i:? = ^' (2x + 3). 
In this case v = (y- ~ if - x^ {2x + 3) = 0, 
and, as conditions for a multiple point, 
du 



du 



- 6a: = 0, 
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These three equations are satisfied by each of the following 
systems of values, 

fa; = - n fx^O\ fx = \ 

ly=0 J' ly=l/' ly»-l/- 

Proceeding to second differentials, we have 



da? 
The equation 



dxdy 



rfy" 



.'3 



d\ 



becomes, for the first system of values of x and y, 

Zx'^ - 2y'' = 0, 
and, for each of the two second systems, 

- Zx'^ + Ay^ = 0. 

Thus we see that there are three double points. The figure 
is subjoined. 




MvltipUcity of a Multiple Point at the Origin* 

119, The existence and multiplicity of a multiple point at 
the origin may be ascertained more simply by inspection. Let 
the equation to a curve, arranged in groups of terms of diffe- 
rent dimensions, be 

u ^ u ,+w ,+ +w=0, 

m m-1 m-2 ■•••••"' ,, y 



Ur denoting generally a series of terms of r dimensions, and w, 
denoring those of lowest degree in the equation. Then, in the 
immediate neighbourhood of the origin, we may neglect terms 
of higiier compared with those of lower orders, so that the 
equation will become 

M_ = 0, 

the dimensions of this equation determining the degree of the 1 
multiplicity, and the simple factors, into which it may be de- 
composed, defining, when equated each of them to zero, the I 
directions of the branches. This method of finding the mul-J 
tiplicity of a multiple point, may be readily deduced from the 'J 
general equation given in the preceding Article. 

Ex. 1. Tiiking the first example of the preceding Article, we "I 
have, retaining only the terra of the third dim 



which shews that the axis of y touches at the origin one branch, 
and that of x two branches, of the curve. 

Ex, 2. Take the curve 

a;' - Ziui'y - is^y' + «/ + y' = 0. 
Then, retaining terms of the lowest dimensions, we have 
- 2ax^y + ay" = 0, 
whence, for the equations to the tangents at the origin, 

y = 0, y = - 2ia:, or y = + 2*^; 
so that there is a triple point at the origin. 



Point of Osculation. 

120. A point of osctilalion is a multiple point in which t 
several branches of the curve have a common tangent, 
cusps are a species of points of osculation. 

Suppose that there are only two branches at the point, the| 
the roots of the equation 



d\i 



I 



rfi" 



Ci), 
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must be equal : hence, as a necessary condition for a point of 
osculation, 

\dxdy) ~ <Jx' ' d/' 

If this condition be not satisfied for any point of i 
corresponding to the three equations 



tlien we must have either 

\dxdyj dj^ ' rfy* ' 

in which case there will be a doable point with two distinct 
tangents ; or 

/ d'u Y ^ d'u dS^ 

\dxdy) da? ' di^ ' 

when the equation (1) wiU give impossible relations between x' 
and y', and {x, y) will be the coordinates of a conjugate point. 

Remark o?i the Tfieory of Multiple Points. 

121, If there be a multiple point in a curve, its position and 

its multiplicity may be ascertained by investigating the pairs of 

values of x and y which satisfy the three equations 

du du 

u^O, — = 0, ^ = 0, 
ax ay 

.and by determining the order of the lowest partial differential co- 
efficients of u which do not all vanish at the point. The directions 
of the tangents will be ascertained by the formula of Art. (118). 
If the relations between x' and y', expressed by this formula, be 
impossible, the existence of a conjugate point is at once indi- 
cated. We cannot however be sure that the point is not a 
conjugate instead of a multiple point or cusp, even when all the 
relations between x' and y' are possible. Additional considera- 
tions are necessary in order to ascertain this to a certainty : an 
examination of the general nature of the curve in the neighbour- 
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hood of the point, by an algebraical discussion of its equation, 
is sufficient for the purpose. 

Ex. Take the curve 

(y - C3?y ^{x- of, (x - J/, 
a being supposed to be less than i. Then, putting 
u=^(y - cxy - (a: - a)\ (x - i)' = 0, 

f^ = - eca:' (y - ex') - 6 (a? - a)' (x - ^/ - 5 (a? - of (x - hf = 0, 

uX 



we see that x = a, y - ac. 

Then also -^-i = 1 8aV, -^—^ = - GcTc. -rr-r = 2, 

a:r a2;ay ay' 

and therefore, from the formula 

there is y'^ - 6a^cx'y' + 9aW* = 0, 

(y' - 3aW)» = 0, 

which might seem to indicate a point of osculation, when the 
equation to the common tangent of the two branches would be 

y = Sa^cx'. 

It is easily seen, however, that the point is really a conjugate 

point. For * 

y =- cx'±(x- of (x - by, 

which shews that y is impossible when x differs very slightly 
firom a. 

For further information on the subject of this Article, the 
reader is referred to a paper on the General Theory of Multiple 
Points in the Cambridge Mathematical Journal for November, 
1840. 
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Points tPArrit or Paints de Rupture. 
122. An algebraic curve never stops abruptly in its course, 
tbat is, it never possesses singular points of the kind called by 
Prench writers poittts (T arret or de rupture. Sucb points are 
however of frequent occurrence in transcendental curves. For 
instance, in the curve belonging to the equation 

y + 1 = e-1, 
the form of which is 



■ there is s. point d' arrii at P. 

The impossibility of the existence of such points in curves 
represented by algebraical "equations depends upon the fact that 
impossible roots enter algebraical equations, involving one un- 
known letter, by pairs. Suppose in fact that, when x is equal to 
a - k, y has an impossible value for each small value of A how- 
ever small, and that y has a possible value when x is equal to 
a + /(. Then, when x passes from a - h to a + h, one value of y, 
and therefore, by the natiure of algebraical equations, two values 
of y, the two values being of the forms a ± •/(- j3), must change 
into possible ones, which will evidently, in consequence of the 
correspondency of their values, be equal to each other when h is 
indefinitely diminished. The existence of two equal values of 
y, corresponding to the value a of x, shews that there is no 
abrupt termination of the curve at the point of which the ab- 



Points Saillants. 

123. A point saiHanlia a point of a curve where two branches 

of the curve stop abruptly and have tangents inclined to each 
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other at a finite angle. Such points are frequently to be met 
with in transcendental curves, but can have no existence in 
curves corresponding to algebraical equations. 
Ex. 1 . Take the curve of which the equation is 

X 

y= .• . 



1 + ^ 

Then S=-^ + T^ V 

1 + e' X . e"' , (I + e*/ 

Suppose that a; = -f : then 

y = - = 0, 

00 

and -^ = 0. 

ax 

Suppose that x = - 0: then 

^ 
7/ = =0, 

and f=i. 

ax 

The origin of coordinates is therefore a point saiUani: the 
branch corresponding to positive values of the abscissse touches 
the axis of Xy while the tangent to the other branch at the same 
point is inclined at an angle of 45^ to this axis. 

Ex. 2. Take the curve 

y - X tan - . 

X 

There will be a point saillant at the origin of coordinates : 
the directions of the two branches at this point being defined 

by the values \ ir and - ^ tt oi -j- . 

We have observed that an algebraical curve does not admit 

o{ points saillants. This may readily be shewn. Suppose^ in 

fact, that between the equation to the curve 

w = 0, 

, .^ , . ^. du du , ^ 

and its derivative t~ + ^" • y == ^» 

ax ay 
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we eliminate y: we may then obtain an algebraical equation 
between x and y', free from radicals and fractional forms. 
If then we conceive a curve to be constructed, of which the 
abscissa shall be always equal to x and the ordinate to y', this 
curve can have no point d'arrSty which would necessarily be 
the case if the primitive curve had any point saillant. 

Branches Poifitill^es. 

124. We occasionally meet with equations, the geometrical 
loci of which consist, either entirely or in part, of a series 
of conjugate points, forming branches pointiUSes. 

Ex. Take the curve 

;ij..„4..(l)}. 

It is evident that y will be always impossible when sin | - j 

has any negative value or any positive value less than unity; 
and therefore, unity being the greatest value of the sine of 
an angle, we must have 

^ = (4\+l)|, y=0, 

\ being an integer. Thus we see that the geometrical locus 
of the equation consists of a series of conjugate points arranged 
along the axis of a: at a common interval equal to 27ro, the axis 
of abscissae being thus a branche pointillSe, 
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CHAPTER IV. 

CONCAVITY AND CONVEXITY OF CURVES AND POINTS OF 

INFLECTION. 



Conditions for Concavity and Convexity. 

125. The object of this chapter is to investigate the con- 
dition that a curve, of which the equation is given, may at any 
assigned point turn its concavity or convexity towards either of 
the coordinate axes, and to determine those peculiar points of 
the curve, called points of inflection or of contrary flexure^ at 
which concavity is succeeded by convexity, or conversely. 




CP 




(A rs) 



ae 



In fig. (1) the curve AB is concave at P towards the axis 
of Xy and convex towards that of y ; in fig. (2) there is a point 
of inflection at P, the curve being concave towards the axis 
of X at each point in the arc -4P, and convex at each point 
of the arc PB. 

Let ^, 4^, be the inclinations of the tangents of the curve at 
P, P', in fig. (1) to the axis of Xy P' being a point near to P : 
then, as we pass through P from A towards By it is evident 
that tan 4^ will keep continuously decreasing : hence, Xy x', 
being the coordinates of P, P, 

tan ^' - tan 4^ 

— = a negative quantity : 



X - X 
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and this will be true however near P" may be to P ; and there- 
fore, proceeding to the limit, we see that, as the condition of 

., (^ tan ■J' 
concavity, — — — ~ = a negative quantity. 

If the curve were convex at P towards the axis of x, it is 
evident from like reasoning that 
{^tan^ 



dx 



a positive quantity. 



But tan ^ = -^ : hence, that the curve may be concave towards 
the axis of a; at a point x, y, it is necessary that -^^ be negative, 
and, that it may be convex, that -y^ be positive. 

It is easily seen that the conditions which we have shewn to 
be necessary are also sufficient conditions for concavity and con- 
vexity. For it is evident that the curve will be concave or 
convex towards the axis oix at a point (jt, y) accordingly as 
tan •^' ~ tan -if 



all indefinitely small values of ^' 
proceeding to the limit, as y-^ is 



d^ 



is negative or positive foi 
nearly equal to ^, that is, 
negative or positive. 

If y be negative, or the point P be on the opposite side of the 
axis of Xi then, as may be seen simply by changing the sign 
y throughout, we must have, for concavity. 



ind, for convexity, 



- a positive quantity ; 



a negative quantity. 



Without regarding the sign of y, we may state generally that 
the sufficient and necessary condition for concavity is that 

y -— ^ = a negative quantity. 



X 

at 
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and, for convexity, that 

y -j\ = a positive quantity. 

Ex. To find where the Witch of Agnesi, of which the equa- 
tion is 

X 

is concave or convex towards the axis of x. 
Differentiating, we have 

dy _ 4a' 
dx a? ^ 

d'^y dy^ _ 8a' 
^ d^^d^"^' 

dy^ 
or, multiplying by y* and replacing y* -^ by its value in terms 

O/X 

o{ X, 

2 2a - X 



, d\ 16a' 8a' , . 

, , d\ 16a' ,„ „ . 

whence ^ 'd^°~^ ^ ** " ^^^- 

This result shews that y ^~ is negative when x is greater, and 

oar 

positive when x is less than — . Thus from a? = to a; = — the 

curve is convex towards the axis of x^ and concave from x = — 

to X = 2a, There must accordingly be two points of inflection 
corresponding to the value 2a of x. 

Condition for a Point of Inflection. 

126. Since a point of inflection separates two portions of a 
curve, one of which is concave and the other convex towards the 
axis of Xy it follows that, as x keeps continuously increasing^ 

tan \L 01 -^ must either keep increasing as we approach the 
dx 

point and decreasing as we recede from it, or conversely. 
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Hence, that there may be inflection at any proposed point, it is 

sufficient and necessary that -^ have a maximum value, or that 

-r^ experience a change of sign as we pass along the curve from 

one side of the point to the other. 

In order then to determine points of inflection, we have only 

to ascertain those values of x and y which render -^ either 
a maximum or a minimum. 

Ex. 1 . To find the point of inflection in the curve 

a^ - aV + a^y = 0. 
Differentiating twice, we get 

4af' - 2a'x + a* ^^ = 0, 

ax 

I2a? - 2a' + a' ^'^ - 0. 

dx' 

d'y 
Putting -3-f = 0, in order to get the values of x which cor- 

ax f 

respond to the maximum or minimum values of -^ , we have 

a 

X ^ ±-r > 

and therefore y = — - . 

^ 36 

Differentiating a third time, we see that 

24a; + a' -j-| = ; 
dx 

_73 Ji 

which shews that -^ has a finite value when -7^ = 0. Hence 

dx^ da? 

the values + -7- of a? make -^ a maximum or minimum, and 
~ V6 cte 

therefore correspond to two points of inflection. 

Ex. 2. To find the points of inflection of the curve 

x^ = a'y' + x'y'\ 

o 2 
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We have y =» ± 



{a? + a')* 



dy 3? + 2a*x 
dx 



(a? + a»)* 
rfV„ g' (2a' - a?) 

As far as signs are concerned^ we may take v instead of -^ , 
where * t? = ± (2a* - «*), 

When t? = 0, we have a: = ± a >/2, and 

J* 

__ = T 2a; = a finite quantity. 

Hence the values ± a V2 of a; correspond to maximum or 
minimum values of -^ ^ and therefore to points of inflection. 

Ex. 3. To ascertain whether the Lemniscata of which the 

equation is 

(a:' + y')' = a*(a:»-y») 

has a point of inflection at the origin of coordinates. 
Differentiating twice, we have 

,(«^./)(«.y|)-^(.-y|). 

4 a; + 



(..,|J..(^.^)(,.,g.g) 






From the last equation we see that, when a; <= and y b o^ • 

da: *^' 

the value of —J, remaining indeterminate. In order to find -v? , 

oar us^ 

we must differentiate again. 
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Thus 



-(-'l)('-3^«) 



-(-■^^K'^'SS^'S) 



dz (£c* 

When a; «= and y « 0, we see that -— ^ = 0. In order to 

determine the corresponding value of -r^, we must proceed to 

another differentiation : we then have^ omitting all those terms 
which vanish when x and y are both zero> 



"(-ij— 13. 



1- dy -r 16 

whence -t^ = +-*-• 

We have shewn therefore that -rK has a zero value, and -7^ 

a finite one, at the origin of coordinates, whether we take ~ 

equal to + 1 or to - 1. Hence both branches of the curve 
have inflection at the origin. 



Symmetrical Investigation of Points of Inflection. 

127. A point of inflection being an absolute peculiarity in a 
curve, and not, like a point of concavity or convexity, having 
especial reference to either axis in particular, it is desirable to 
develop also a method of determining such a point which shall 
be symmetrically related to both axes. 
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Let* the equation to an algebraical curve, cleared of radicals 
and negative indices, be represented by 

F=0 (1), 

where i^ is a rational function of z and y. 

Let ds denote an element of the arc of the curve at the point 
X, y, and let s be taken as the independent variable. 

Let ^=:5-^ ^^:r' 

ax ay 



dx^ ' dxdy' dy^ ^ 



, dx dy ,, dl , dm 

ds ds ds as 

Then, differentiating (1), we have 

lU+mV=0 (2); 

differentiating (2), 

Pu 4- 2lmw + m^v + I' U -^ m'V=^ (3). 

Again, it is clear that /* + m* = 1, and therefore 

II' + mm =0 (4). 

From (2) and (4), we get 

rV==m'U; 
hence, multiplying (3) by U, we obtain 

U(Pu-^2lmw + m\) ^ I' (IP + V^) ^^ 0, 
or, by virtue of (2), 

^(V'u- 2UVw -^ lPv)^F(lP+V)=0.... (5). 

In a similar way we may shew that 

m^V 

^ (F^w - 2UVw + CPt?) + m' (ZT' + 0= . . . . (6). 

* This method of determining multiple points was published in the 
Cambridge Mathematical Journal for November, 1843, 
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Again, by the relation /* + w* = 1 and the equation (2), we 
get 

F' " IP+V^ ~ IP' 
hence (5) and (6) give us 

UiVu - 2UVw + IPv) + 1\IP -^- 0^=0 .... (7), 

ViVu - 2UVw+lPv) + m'(lP-^ F^/= . . . . (8). 

Now at a point of inflection it is evident that / and m must be 
the one a maximum and the other a TnJTiiTmiTn : hence, as we 
pass in the neighbourhood of the point along the curve from 
one side of the point to the other, we know by the theory of 
maxima and minima that /' and m' must each of them change 
sign. It is evident then, from (7) and (8), that 

UiV'u-2UVw+ IPv), 

and V{V^u - 2 UVw + TPv)y 

must both change sign. 

Suppose first that neither U nor V changes sign as we pass 
through the point; then the sufficient and necessary condition 
for a change of sign in the value of /' and m', is that 

Vu- 2UVw^ IPv (9) 

change sign as we pass through the point : this condition evi- 
dendy.involves the fact that at the point itself 

Vu- 2UVw+ lPv = (10). 

Next suppose that Z7 changes sign; then it is evident that the 
expression (9) must not change sign, for otherwise f , as will be 
evident from the formulae (7), could not change sign. But from 
(8) we see that for a change of sign in the value of m'y one and 
one only of the quantities V and (9) must change sign ; hence 
V only must change sign. Thus we see that if either of the 
quantities U and V change sign, both must do so, and that (9) 
must not change sign. If U and V both change sign it is clear 
that at the point itself 

?7=0, r=o, 

which are the conditions for multiplicity of branches at the 
point. 
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The general rule, therefore, for finding points of inflection 
may be thus enunciated. First ascertain the values of x and y 
which will satiBfy Bimultancously the equations 

F = 0, Vii~ 2 UVw + ZPr> = 0, 
and reject all the pairs of values thus obtained which do not, as 
we pass through the corresponding points, correspond to a 
change of sign in the expression 

F=M - 2 UFw + IPv, 
or which do correspond to a change of sign in either 17 or F": 
the pairs of values of x and y, which arc retained, correspond to 
points of inflection. 

Secondly, ascertain those pairs of values which satisfy simul- 
taneously 

r=Q, ^7=0, F=0, 
and reject all of these pairs which do not correspond to a change 
of sign in both U and V as we pass through the corresponding 
points along one or other of the branches, or which do corres- 
pond to a change of sign in the expression 
r'u-aUVw^ IPv. 

In the preceding investigation we have supposed i^ to be a 
rational function of x and p. Should this not be the case it will 
be evident, from what has been said, that in addition to the 
values of x and y, which may be obtained by the rule which we 
have enunciated, we must likewise take those which will render 
in the first case, 

F= 0, V'u - 2UVw + CTc = oo; 






I the second c 



F-0, 17=00, 



the conditions depending on change of sign being the same as 
before. 

Ex. 1. Let the curve be 

F= a3? + by' - c* = 0, 
'i'hen U = ^az', V= 3/iy', 

« = eax, w = 0, V ^ f-hy. 
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Hence, from the formula (10) there is, if we cast out conatant 
factors, 

xy (aar* ^ by') - ; 

or, by the equation to the curve, 

25 = 0. 
Thus X = 0, or y => 0, and in both cases neither U nor V 
changes sign, while the formula (9) does change sign. Hence 
we have two points of inflection, 

X = a, y = - , 



and 



1 



Ex. 2, Take the curve 

and suppose that we wish to find whether there bo a point of 
inflection at the origin. Then 

U= 2.i:(2a^+ 2j/' - a'), 

V =2y (2a:' + 2y' + V), 

u = 123:' ■+ Ay' - 2«', 
V = Ax^ + \ 2y' + 2b\ 



From these results it is evident that U and V both change 
sign if we change x and y each of them from + to + 0. More- 
over it is clear that neither V^u, U'v, nor 2UVw, expeiience 
any change of sign when we put ± x, ± y, for + x, + y, respec- 
tively. Hence the expression (9) does not change sign. If we 
had kept y positive or negative throughout, while we changed 
X from + to + 0, the expression (9) would have changed sign, 
and flexure would not have taken place. Hence we see that the 
branch which passes through the origin from below to above 
the axis of *, or that which passes from above to below, will 
have an inflection at the origin. 



I 



4 
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Ex. 3. Let the curve be 



-(^^(f^-«• 



Then U=±(^)K F=lf|V* 

3a \a 34 V* 



2 
9a' 



©■'■ — ■ - ,^ (I)-' 



Hence the expression 

V'u - 2 UVw + U'v 



will vary as 




Putting this expression = oo , we get x = 0, or y = ; and 
therefore, by the equation to the curve, y^b, x^a, respectively. 
It is evident, then, that as z passes through 0, U and V do not 
change sign while the expression (9) does ; and similarly for y : 
hence there are two points of inflection, viz. x = 0, y-b, and 
z = Uy y = 0. 
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CHAPTER V. 

ON THE INDEX OF CURVATURE, THE RADIUS OF CURVATURE, 
AND THE CENTRE OF CURVATURE, OF A PLANE CURVE. 



Index of Curvature. 

128. Let t/r, -i/r + St/r, be the inclinations of the tangents 
PT, QS, at points P, Q, of a curve AB, very near to each 




other, to the axis of x. Then it is evident that the greater 
be the angle Sy^ between the two tangents, for a given small 
arc PQ, or the smaller be the arc PQ for an assigned value of 
the small angle Syfr, the greater will be the curvature of the 
curve in the vicinity of P. Hence, proceeding to the limit, 

when the arc PQ or Bs becomes less than any assignable mag- 

// / 
nitude, we see that ^ is a measure of the curvature at P. 

as 

The angle St/r is called the angle of contingence, and -^ the 



index of curvature at P. 



ds 



Radius and Centre of Curvature. 

129. From P and Q diaw two normals PC, QC, meeting 
in C. These two normals will evidently include an angle h\fj. 
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Let PC = p, QC= p, the chord of PQ = c, and let ^ 
denote the angle bet\veen the chord of PQ and the normal QC 
Then it is plain that 

c sin (J TT - a) = p sin S^, 
sin 8-^ sin Qtt - n)_ 
c p 

but, proceeding to the limit, when Si^, c, and a, become lei 
than any assignable quantities, sin Bf}r and c vanish in a ratio o 
equality with £+ and Bs respectively : hence 

^ = ^ 

Now, p and p being ultimately in a ratio of equality, 
follows that a circle described with C as a centre, and touchi 
the line PT in P, will ultimately touch the line QS i 
The angle of contingence will accordingly be the same ultimately 
for the circle as for the curve : also the arc PQ in the circle will 
be ultimately in a ratio of equality with the arc PQ in the 
curve, since each of these arcs, by the 7th Lemma of Newton's 
Principia, vanishes in a ratio of equality with their common 
chord. Hence a circle so described has the same curvature as 
the curve at the point P. This circle is called the oaculating 
circle, or the circle of curvature at the point P, p the radius, and 
C the centre o/ curvature. 

The equation (I) shews that the index of curvature at any 
point of a curve is equal to the reciprocal of the radius of the 
osculating circle. 

E^essionfor p when x is the Independent Variable. 
130. Differentiating the equation (Art, 100) 

considering x the independent variable, we have 




HAmiis 0» 


CUBVATCBE, 


CENTRU OF Ci 


but, by Art. (100) 


;o,* 


di: 
dt ' 




(dW 


hence ( 




a? 


) 


w) 


ucutc ^ 


"{' 


dy-\. 
■*d^l 


and therefore 


/ 


.=a 


j: 


\ 



From this formula we perceive that the index of curvature 
will become zero, and the radius of curvature infinite, whenever 

-j^ is equal to zero : the osculating circle will then degenerate 

into a straight line and coalesce with the tangent. Such will be 

the case, for instance, at points of inflection, where -~ = and 

~ is not infinite. If, at any point of the curve, — ^ becomes 
dx ' '^ ' d^ 

infinite, while -^ is either zero or of finite magnitude, the 

ax 
index of curvature will become infinite, and the radius of curva- 

ax ax 

taneously infinite, the expression for p' will assume the form 
— ; its real value must then be estimated by the rules for the 
evaluation of indeterminate functions. If one of the functions 
^ , -~ , becomes discontinuouH, and experiences an abrupt 

change of value, such will also be the nature of the index 
of curvature : such a peculiarity will present itself, for example, 
at a point saillant. 

Ex. 1. To find the radius of curvature at any point of the 
curve • , ^ .^^ 
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We obtain^ by differentiating the equation 

y = 2m^z\ 

Hence p = ^ ,— = ^ . 

\ mz m 

If a: = 0, then p' = 4m*, p = 2m ; which shews that the radius 
of curvature at the vertex of a common parabola is equal to half 
its lattcs rectum. 



Expressions for p when s is the Independent Variable. 
131. Since, by Art. (100), 

cos \l = -T ^^<1 8111 ^ = -T- 9 

ds ds 

we see that, s being the independent variable, 

d-^ d^z 



sin \p 



ds ds 



% > 



- . dyl d^y 

and cos iL --^ = --| : 

ds ds^ 

hence, squaring and adding these two last equations, 

l^df_^fd^y (dY^ 

p* ds' \ds'')'^\ds\ 
d'z d'z 



Also 



^ = - <fe' ^ _ ds^ 
ds sin (/; dy ' 

ds 
dy 



whence . p = - ^ 



ds' 
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similarly we may shew that 

dx 

ds 
ds' 



JExpression for p in terms o/*dx, dy, d^, d^y. 

132. Since tan xL = -^ , we have 

dx 

* - -- (I) ' 

attd therefore d^, . ^ ^\ ' ^ f' : 

dor + dy 

l^dj^ (dx d'y - dy d'xj 
p' dd" " {dx' + dff ' 

Expression for p in terms of Partial inferential Coefficients, 

133. Let e^ = be the equation to a curve. Differentiating 
this equation twice we get 

du J du , ^ - . 

^^''^dy^y'-' ^'^' 

(du ,a du ,a \ d'u , a _ d'u , , d'u J a rc^\ 

- -7- d'x + -7- dy I = -r-r dx* + 2 - — — dx dy + — -, dy' ... (2). 
\dx dy ^ ) da? dxdy ^ dy' ^ ^ ^ 

Multiplying (2) by c?y, dxy successively, and in each case 
availing ourselves of the relation (1), we get 

%idxd^y-dyd'>x)^dyi^d^^i^^d^dy^^^di\^, 

^^(dyd^x-dxd'y)=dx{^d:>^+2-^dxdy+^d/j: 

adding together the squares of these two equations^ we obtain 
^^.'^ydxd^y-dyd'xy 

<d^^dy)[_^dx ^2^-^^dxdy^^dyy. 
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whence, by the formula of Art. (132;, 

and therefore, replacing dx, dy, by the quantities -7- , - -^ 9 to 
which, by virtue of (1), they are proportional, we get 

dt^ d^u du du d^u du^ f^Y 
1 _ \dy^ da^ dx dy dxdy d^ dy^J 



da^ d}^ ^ 

CoR. If the function u consist of two parts, of which one 
contains x alone, and the other y alone, 

d^u ^^ 
dx dy 

and therefore 1 = Uy^ d^ "^ d^ dp 

[du^'^dy') 
Ex. To find the radius of curvature at any point of the curve 

a 

^ du 2x du 2v 

dx a dy 

cPw 2 c?'« jfc cPe^ _ 2 ^ 

da? a* ^ dxdy * dxf^ V * 



hence 
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Another method of finding the Radius of Curvature, 

134. Let i denote the distance of Q, in the figure, from the 
line CPy and S its distance from the tangent at P. Then, since 
ultimately the circle of curvature touches PT, QSy at P, Q, we 
have, by the nature of a circle, 

limit of e^ = limit of (2/3 - S) . S, 

or, since h vanishes in the limit when compared with p, 

. . e' 
p = limit of —r . 

Ex. 1. To find the radius of curvatiire at the vertex of 
a parabola y ^ ^^^ 

Here p = limit of -^ « 2m. 

Ex. 2. To find the radii of curvature at the extremities of 
the axes of an ellipse. 

If a and h be its semi-axes, and if the major axis and the 
tangent at one of its extremities be taken as axes of coordinates, 
its equation will be yt 

Hence p = limit of ^ = -5 (a - Ja:)= — . 

'^ 2x a^ "^ "^ a 

Similarly it may be shown that the radius of curvature at an 

extremity of the minor axis is equal to - . 
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CHAPTER VI. 

ANALYTICAL DETERMINATION OF THE CENTRE OF CURVATURE. 
THEORY OF EVOLUTES AND INVOLUTES. 



Determination of the Coordinates of the Centre of Curvature. 

135. Let a, /3, be the coordinates of C, the centre of the 
osculating circle of a curve AB at the point P. Then, x, y. 




being the coordinates of P, '^^ the inclination of the tangent PT 
at P to the axis of x, it is plain that 

. ds . f 

a- X = - p smyfr = — -— sin vr, 

dy 



and 



But 



and 



hence 



and 



^ - y = p cos yjr = -— cos yjr. 

, dx * , dy 

cos Y = -J- i sin Y = -~ > 
d$ ds 

\dxj dx"" + dy^ 

dx^ + dt^ 



a - X - - dy 



^ - y = dx 



dx d^y - dy d^x ' 

dx^ + dy^ 
dx d^y - dy d^x ' 
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These two formulae will enable us to determine a and fi 
for any assigned point of the curve. 

Suppose 5 to be the independent variable; then differen- 
tiating the equation ds? ^ df = d8\ 

we have dx d^x + dy d^y = 0, 

and therefore th€ formulae for a and ^ are reduced to 

dx^ + dy^ 



a - « = d^x . 



2-A2 > 



(rf V + (rfV) 






Fortrnthefor the Coordinates of ^e Centre of Curvature in terms 
of Partial Differential Coefficients of u* 

136* From Art. (135) we see that 

(o - a;) cte + (^ - y) dj^ = (1), 

and (a - x^ d^x + (^ - y) rf^ - cfe' - dy* = .... (2). 

Between these two equations) together with the equation to 
the curve and its first and second differentials, viz. 

w= .................. (3), 

du J du J ^ . ^ 

r.^'Ty^y = '' (^)' 

du ,, du J. d?u , - ^ d% J J d^u J ^ ^ ..^ 

we may eliminate the six quantities x^ y, dxy dy, rfV, d'y. In 
fact, from (1) and (4) we have 

(a-^)-.O^y)^ C^)' 

and therefore, from (2)j 

(a - x) (du ,2 du ,^ \ y^ , . 

dx 

p 2 



CI 
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whence, by (5), we have 

dx 

and therefore, by (4) and (6), 

dt^ du^ 

' " ^ ^-y d?'^d^ , 

du du du* d^u ~~dudu d'^u du^ dj^u 

— — 2 — + — 

dx dy dy^ dx^ dx dy dx dy doi? dxf^ 

Locus of the Centre of Curvature ^ 

137. Between the equation w= and the equations (7) of the 
preceding Article, we may eliminate x and y : we shall thus 
obtain an equation between a and /3 alone, which will be the 
equation to th€ geometrical locus of C, the centre of curvature, 
when the point P of the curve is supposed to be variable in 
position. The locus of C, for a reason shortly to be explained, 
is called the evolute of the curve ABy which is itself called 
the involute. 

Ex. To find the equation to the locus of the centre of 
curvature of the ellipse 

2 2 

- + y = 1 

Here u = l[^,.t,- 1)^0, 

du _^ X du y 
dx a' * dy 6* ' 

ds? ■" ^' dxdy" ' ^ "" y ' 



rfw' d^u du du d^u du^ d^u 
dy^ da^ dx dy dxdy dx^ dy^ 






a' y fx^ t/*' 

lience (a - x) - =(3 - y) - ^ - aV { . + ?r 

X y \a 



3 a — b a ,« V -^ cf A 
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and therefore 

X cc y (f 



or 



Substituting these values of - , ^ , in the equation 

a 

J. £_ SB 1 

we get, for the equation to the evolute, 

{aaj + {b^f = (a* - y/. 



Jb ^A^t^ that the Normal at any point of the Involute is a 
Tangent at the corresponding point of the Efoolute, 

138. By the formulae (7) of Art. (136) and the equation t^ = 0, 
we may obtain a and /3 in terms of z ; thus a and /3, as well as y, 
are functions of x : hence as x varies, a and )3 as well as y must 
simultaneously vary. Differentiating the equation 

(a -x)dx^{^- y) dy = 0, 

we shall accordingly obtain 

(a - x) d'^x + (fi-y) d^y ■}■ dadx + d)3 dy - <fe' - dy^ = 0, 

and therefore, by virtue of the equation 

(a - x) d^x + (i3 - y) d^y - efe* - rfy* = 0, 

we have dadx -{-d^ dy =^ 0. 

This equation shews that the tangent to the involute at the 
point {Xy y) is at right angles to the tangent to the evolute 
at the corresponding point (a, )3). Hence the normal at (x, y), 
which passes through C, must be a tangent to the evolute 

at (a, /3). 
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Generation of the Involute by the end of a thread unwound 

from the Ecolute, 

139. Since 

a- z^ - p sin yfjf ~ y = f> cos i/^, 

we have (<^ - xf-¥([i-yj = p* (1), 

and therefore 

(a - x) (da - dz) ^(fi ^ y){dfi - dy) = pdp (2). 

Also we know that 

(«-^)^^ + (i3-y)efy = a....... ...(3), 

and rfa <& + cf/3 % = . . . . . , (4). 

From (2) and (3) we see that 

(a-z)rfo + (/3-y>rf/3 = prfp .....,•. (6), 
and, from (3) and (4), 

(a^x)dP-(fi-y)da^O ,..(6> 

Adding together the squares of (5) and (6), we obtain 

{(a - xf + O - yj} (<fo» + d(3n = p" dp\ 

and therefore, by (1), 

da^ + dfi^ = dp\ 

Let <T denote an arc of the evolute originating at any pro- 
posed point and terminating at (a, fi) : then 

da^ = da^ + rf/3' = dp\' 

and therefore, the positive or negative sign being chosen ac- 
cordingly as p decreases or increases with the increase of <r, 

da ±dp-Oy c ± p = Oy 

c being some constant quantity. 

We proceed now to give the geometrical interpretation of 
this result. 

First take a-\- p = c. Let C and P be any two corresponding 
points in the evolute and involute respectively. Let ACS 
be an arc of the evolute. Join CP^ which will be the radius of 
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curvature to the involute at the point P, and a tangent to 




the evolute at the point C. Let A'C= a-, and A'B = c. Then 

Hence it is obvious that, if a thread, of which the length is c, 
be fixed with one end at A', so as to touch the curve at this 
point, and be wound about the curve A'B' by a hand taking 
hold of the string at P, its extremity P will trace out the 
involute AB. 

Next take a- p^ c. Let E'B = c, B'C- <r, the origin of 
the arcs being now some fixed point B\ Then 

BC-CP^c = BBy 

a result which points out the very same geometrical property 
as when we adopted the positive sign. From the geometrical 
property which we have established have arisen the names 
evolute and involute. 



To find the length of any Arc of the Evolute of a Curve, 

140. By the preceding Article we know that 

a ± p = c. 

Let (Tj, /Oj, and o-^, p^, be corresponding values of a, p: then 

o-j ± />! = c = <r, ± p„ 

or a^^a^^p^^ p^. 

Hence, to find the length of an arc of the evolute correspond- 
ing to any proposed arc of the involute, we must take the 
difference between the radii of curvature at the two extremities 
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of the latter arc, and this will be the length of the former ; 
provided that, for the whole interval, p either always decreases 
or always increases as a increases. 

Ex. To find the length of the whole evolute of an ellipse 

a 
The radii of curvature at the extremities of the axes major 

12 2 

and minor are — and — ; hence the length of a quarter of the 
whole evolute is equal to 

h a ' 
or the length of the whole evolute is equal to 
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CHAPTER VII. 



CONTACT OF CURVES. 



Definition of Order of Contact, 

141. Let y =f{x')y y' = F(x'), be the equations to two 
curves. Suppose (x, y) to be a point common to both curves. 

The two curves are said to have a contact of the first order at 
the point (x, y), if 

of the second order, if 

F'(x)^f'(x), F\x)=f"(xy, 
of the third order, if 

F(x)=f(x), F'(_x)=f"(x), F"(x)^f(x), 

and so on ; the contact being of the r^^ order if 

F(x)^f(x), F'(x)^/"(x), F"(x)=f"(x),...F{x)=f'(x). 

The higher the order of Contact, the closer the Contact. 

142. Let the curve y' = {x') have, at the point (x, y), a 
contact of the m*^ order with the curve y = F{x')y and of the 
n^ order with the curve y =f{x)y and suppose m to be greater 
than n. Then, by the theory of vanishing fractions, when 
h becomes less than any assignable magnitude, 

F{x^h)-it^{x-^h) F'(x + h)-il>'(x + h) 
f(x + A) - (a? + A) "" f'{x + A) - 0' (a; + A) 

^ F\x^h)-^\x^h) ^ 
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or, corresponding to a small increment h of z, the difference 
between the ordinates of the curves y = F{x\ y = f (^')» ^ 
indefinitely small in comparison with the difference between 
the ordinates of the curves y' =/(^')> y' = ^C^')- Thus the 
contact is infinitely closer when of the m^ than when of the 
«*^ order. 



Order of Contact dependent upon the number of Parameters, 

143. Let the general equation to a family of curves be 

«'=0 (1), 

ti being a function of x, %/ ^ the coordinates of any point whatever 
in any one of the curves, and of n parameters a^ a,, a,, • . . • a^. 
Differentiating the equation to the curve n - I times successively 
with regard to ^' as the independent variable, we get 

Ihi ^^ 

7 = 0^ 



doi 



ifv: 



^ = 0^ 



dai 






(2), 



Lr^u 



-1--' 



dud 



7;iir = 0, 



J 



n- \ equations involving ad ^ y', and the n -X differential coeffi- 
cients 

dy d'y' d^y' J-y 



dz ' dx'^ ' dz 



/3 * • • • 



• dz 



,'H-l 



Since we have n equations, (1) and (2), involving n parameters 
and n + 1 quantities 



'^' dz" dx"' dx-" " " d:,^-' 



(3), 



it is evident that we may assign any values we please to these 
n + \ quantities, the values of the n parameters being deter- 
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mined accordingly. We may therefore obtain the equation to 
an individual of the family of curves denoted by the equation 
(1) which shall have a contact of the {n - Ij^ order with any 
proposed curve at any point {x, y), by assigning to the quan- 
tities (3) the values of the corresponding quantities in the pro- 
posed curve, and obtaining the values of the n parameters 
accordingly. Thus suppose that u ^ F {x', y', a^^a^, a^ , , . , o^) 
and that y (a:) is the ordinate in the proposed curve at the point 
of contact : then t?j, v^, v^, . . , , v^, denoting certain functions 
of Xy we shall have 

and the equation 

F{x\ y\ t?p t?3, t?3, t?J = 0, 

will represent an individual of the family of curves represented 
by the equation (1), which shall have a contact of the {n - IJ^ 
order with the proposed curve at the point {x^ y), 

Ex. 1 . The general equation to a circle is 

^> &i pi being disposable constants, upon the particular mag- 
nitudes of which the dimensions and position of the circle 
depend. 

Let it be proposed to determine the values of a, j3, /), that the 
circle may have a contact of the second order with any proposed 
curve y" = {x") at a point {xy y) of the curve. 

Diflferentiating the equation to the circle twice with regard to 
x\ we have , 

«:■ - . 4 (y' - /3) * - 0, 



If then for x',y',-^,, -^„, 

we substitute the quantities 

a: « ^ ^ 
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where ^^ and -~ are supposed to denote the values of -—7, and 
ax dxr dz 

-7^2 ^* ^'^ point {x^ y) of the curve, we shall have for the 

CvX 

determination of a, /3, p, the three equations 

(:c - «)' + (y - 0)» = p'. 

Now the equations (1) and (2) of Art. (136), supposing d^x to 
be zero, or x to be the independent variable, coincide with the 
last two of these equations. We see therefore that the coordi- 
nates of the centre of the circle, which has a contact of the 
second order with any proposed curve at any proposed point, 
coincide with those of the centre of the osculating circle at 
the same point; or that the osculating circle is identical with 
the circle which has a contact of the second order. 

Ex. 2. To determine the parabola which has a contact of 
the second order with an ellipse at an extremity of the latus 
rectum of the ellipse ; the equation to the ellipse being 

— + -V = 1> 
a a 

and the axis of the parabola being parallel to the major axis of 
the ellipse. 

Let the equation to the parabola be • 

Cy' + i3y=4m(2:' + a) (1); 

then (y + /3) J = 2m (2), 

'l^'^^«S-« «•' 

From the equation to the ellipse there is 

^ + 2y 2 = (4), 
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■-£-^S-« «■ 

Now the coordinates of an extremity of the latus rectum of the 
ellipse are — , - : hence, from (4), 



V2' 2 



V2 dx ' dx V2' 
and therefore, from (5), 

2 4 a ^ s= — = — - . 

Substituting these values of ^ and -^ in (3), we ffet 

dx dar ° 

a 
. hence also, from (2), 

G a - J a) . -7- = 2m, 4m = - 



V2 ^ 2V2' 

and thence, by (1), 

' ' "^ 2V2 VV2 A 



a a V2 da 



\/2 8 ' 4\/2 

Hence the equation to the required parabola will be 



4/ 2 \/2 V 4 \/2y* 

^Ac/i ^A^ Radius of Curtature is a Maximum or Minimum, 

the Contact is of the third order. 

144. Let the equation to the curve be 

y" = * (^"), 

and the equation to the circle of curvature, at a point (x, y) 

of the curve, 

(«'-«)» + (y' - /B/ = p' (1). 
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^jL^rJ ^-^' ^-.^ 
dx ^ 

by two differentiations, 



Then, putting ^|, = /, ^ = y', ^ = r', we may get from (1), 






2 log p = 3 log (1 + p^) - 2 log q, 

and therefore, differentiating again, p being invariable as we 
pass from one point of the circle to another. 



at'-' 
= 



1+/' i' 



J ^'2 



r'=,^^. (2). 

Again, putting p, q, r, for the values of -^, , ^^^ ^ , at 
the point {Xy y), we know that 

But, if p be a maximum or minimum, -^ = 0, and therefore 

ax 

at such a point we have 

= ^-!:, r=-Ml, (3). 

Now, by the nature of the contact between a curve and its 
circle of curvature, the values of p'y q, at the point {x, y), are 
Py q; hence, by (2) and (3), we see that the values of r at the 
point (x, y) is the same as that of r. Thus the contact between 
the circle and the curve must be of the third order. 
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CHAPTER VIIL 



ENVELOPS. 



Case of a single Paramder. 
145. Let the equation to a family of curves be 

T \X y tJ y Cv) ^U •••••••••••••• \^L Jy 

^ i y\ being the coordinates of any point in any one of the 
curves, and a being a parameter, the particular values of which ' 
determine the individual curves of the family. Suppose that a 
becomes a + Sa, Sa being an indefinitely small increment of a. 
Then the equation (1) becomes 

/(2:',y',a + 8a)=0 (2). 

Let Xy yy be the values of x'y y, at the intersection of the 
curves (1) and (2); that is, of any two consecutive individuals of 
the family of curves. Then 

/(^,y>«)=o (3), 

and f{Xy y, a + Sa) = 0. 

Hence /(^, y. « + §«) -/(^, y, a) ^ q^ 

ca 

and therefore, when 8a is diminished without limit, we have 

ultimately 

df{xy,a)^^ 

da 

Between the two equations (3) and (4) we may eliminate the 
parameter a, and we shall thus obtain an equation 

0C^,y)=o (5), 
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expressing the relation between the coordinates of the point 
of intersection of any and every two consecutive individuals 
of the family of curves : this equation will therefore represent 
a curve, which is the locus of such consecutive intersections. 

It is easy to see that the curve (5) touches each of the 
individuals of the family (1). In fact, differentiating the equa- 
tion (1), we get 

^/(^'» y\ «) dx 4 -^.fi^'y y> a)dy' = (6). 

Again, since, by virtue of (3) a^d (4), a as well as y is a 
function of x, we have, differentiating (3), 

^/C^> y, d) dx + j^fi^y yy a).dy + -^fip^y V* «) da = 0, 
or, by the aid of (4), 

^/(^> Vy d) dx + j-fi^y y, a) dy = (7). 

Now, when x\ y\ are replaced by x^ y, 

hence, from (6) and (7), we see that the ratio of dy' to dx' is the 
same in the curve (l) as that of dy to dx in the curve (5) at 
their common point (x, y). 

The locus of the consecutive intersections of the individuals 
of a family of curves has been called their envelop in conse- 
quence of this property. 

Ex. 1. To find the nature of the curve which shall touch all 
the curves represented by the equation 

y = cur - a*, 

whatever be the value of a. 

Differentiating with regard to a, we have 

^ X - 2a; 
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and therefore, eliminating a between these two equations, we 
obtain, for the equation to the required envelop, 

which represents a parabola. 

Ex. 2. Straight lines are drawn at right angles to the 
tangents of a parabola at the points where they meet a given 
straight line perpendicular to the axis: to find the envelop 
of these straight lines. 

The equation to a tangent to the parabola y^ = 4mx will be 

y = aa:+— (1): 

a 

let that to the given line be 

« + c = (2). 

The coordinates of the intersection of (1) and (2) will be 

m 
y = - ca + — , 

X = ~ c: 

hence the equation to the perpendicular to the tangent will be 

m 1 . . 

y ->f ca = — (^ + <^)> 

a a 

or ay - m -\- ca^ = -(x -^ c) (3), 

Diflferentiating (3) with respect to the variable parameter a, 

^^^^^ y + 2ca = (4> 

Eliminating a between (3) and (4) we have, for the envelop 
of (3), the parabola 

y' = 4c (a: ~ (m - c)} (5). 

From the form of this equation it appears that, to arrive at its 
vertex we must proceed from the origin for a space m - c along 
the axis of x, and to arrive at the focus we must afterwards 
proceed for a space c : hence we shall have proceeded in all for 
a space m to arrive at the focus. Thus (5) represents a parabola 
confocal with y^ = 4mx. 

Q 
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General case of any number of Parameters, 

146. Let the equation to a family of curves be 

w' =/(^S y', Ov «2» «3» — O = ^ (1)> 

x\ y'y being the coordinates of any point in any one of the 
curves, and a^j a^, a^^ ... o^, being n parameters, the particular 
values of which determine the individual curves of the family. 
We suppose these n parameters to be connected together by 
n - 1 equations, so that any w - 1 of them will be functional 
of the n*^ remaining one. Let the w - 1 equations be 

(01= 0, ^,= 0, ^3 = 0, ... 0„.j = 0) (2). 

Conceive a^, a^, a^y ... o^, to become a^ + Sa^, a^-v^a^^ £353+ Sag, 
... a^ +S^n* ^^i> ^^2' Sog, ... 8a^, being indefinitely small in- 
crements of the n parameters consistent with the simultaneous 
equations (2). Then the equation (1) becomes 

f/' -H iu ^fixy y'y «i + Sa^, a^ + Sa^, a^ + Sag, ... a^ + Sa^) = 0...(3). 

Let Xy y, be the values of of, y\ at the intersection of the 
curves (1) and (3), that is, of any two consecutive individuals 
of the family of curves. Then, putting for the sake of brevity, 
a'„ a'2, «3, ••• «'., in place of a^-\-^a^y a^ + ^^2* ^3 + ^^3> ••• 
a^ + 8a^, we have, u and u^hi representing the values of u 
and u + 8w', when x y y'y are replaced by Xy y, 

^ ^f(p^y y, «iJ «2» «3» — O = (^)' 

and tt + 8w =f{x, y, a'^, a'^, a 3, ... a' J = : 

from these two equations we see that 

^u 



ga. 



= 0, 



the numerator of the left-hand member of this equation denoting 
the total increment of the function u due directly and indirectly 
to an increment ha^ of a,. Hence, proceeding to the limit, 
when ia^ becomes less than any assignable magnitude, we have 

- - = 0, or JDu «= ; 
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or, expressing the total in terms of the partial differentials, 

efw , du , du J du J ^ ,_. 

^i "^ T~ ^^2 + 3~~ ^^3 "^ ••• "^ TT"" ^^n = . . . . (5;. 



rfa^ ^ ^i^a^ ^^ ' da^ ^ z ' " ■ ^^ 



Differentiating the n- I equations (2), we get also the n- I 
differential equations 

^. rfa, + P da, + ^^da, + ...-^^ da, = 
da, da^ da^ da^ 



cf0, 



^05 



rf0, 



di^, 



-r^ da. + ^* da^ + -^^ e/a- + .,. + -^ rfa = 
da, da„ da^ da_ 



1 

>3 



''^^ eZa, + ^ 



d<p. 



Ha 



' rfa„ + ^' rfa, + ... + ~ da, = 



da,"' 



da, - » 



e/a 



^0n1 



^^da,^^4^^da,^^da,^... + '^r-^da =0 



... (6). 



Adding the equations (6) multiplied in order by (w - I) 
arbitrary quantities \, \^ Xg, . . . . X^_j, to the equation (5), 
and equating to zero the coefficients of the differentials of 
the resulting equation, we obtain the n equations 



du 



da, * da, ^ da, ^ da, '" ""* da. 



\ 



du^^dj,^ 



^4*2 . A C?0j 



6;?a 



(ia. 



* rfa^ ^ c/a^ " * da^ 



du ^ rf0j 



+ X^ + A^ + ... + X 



^0«-i 







(7). 






+ A 



d^\ \ ^05 



^*J 



'da ^^'d^*^'d^''-^^'-'~da. -° 



Between the equations (2), (4), (7), 2n in number, we may 
eliminate the 2w - 1 quantities a^, a^, «3> ••• ««> X^, X^, Xj, ... \_^, 
and we shall then arrive at an equation 

representing the required envelop of the family of curves. 

q2 
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Ex. 1. To find the equation to a curve which shall touch 
each of the family of straight lines defined by the equation 

?4=i (1). 

a (3 
a and j3 being connected together by the equation 

a" + /3"»c" (2). 

Difierentiating (1) and (2) with regard to a and j3, we have 

xda yd(i 

-v'T"' ^^' 

a-'da + i3"-W/3 = (4). 

From (8) and (4) there is 

\x 



= a-\ 



a 






(5). 



Multiplying the two equations (5) by a, /3, adding and attend- 
ing to (1) and (2), we see that 

hence, from (5), a"*'' = c^x, /3"*' = c"y, 

and therefore, from (2), 

n n n 

the equation to the required envelop. 

Ex. 2. An ellipse moves with its centre in the arc of an 
equal similar ellipse, and has its axes parallel to the axes 
of the fixed ellipse: to find the curve which envelops the 
moveable one. 

Let a, 6, be the semi-axes of either ellipse; the equation 
to the moveable ellipse will be 

(z - g)' (y - fif 

"o T 7^5 = A 



a' ■ P ^ ^^)' 
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where a, /3, are Subject to the condition 

^4-^ ^'^- 

Differentiating with regard to the parameters, we have 

«d« 0rf/3_ . 
d' ^ b' ""' 

and therefore, X being an indeterminate multiplier, 

\tt _x - a ^ 

a* ~ a' 



b' V 



(3). 



By (1), (2), (3), we have 



a{x-a) 0(y-0) 
a' b' ' 

and x{-J^^^)}=l, 

and therefore \' = 1, \ = ± 1. 

If \ = 1, we have, from the equations (3), 

and therefore, from (2), we have for the equation to the envelop 

2 2 

^ + ^1=1 



4a' 4** 

which is the equation to an ellipse similar in form to either 
of the original ones, its axes being of twice the magnitude. 

Again, if \ = - 1, we have from (3), 

a: = 0, y = 0, 

which are the equations to a point, viz. the centre of the fixed 
ellipse, through which it is evident that all the moveable 
ellipses pass. 



2.30 ENVELOPS. 

Intersection of Consecutive Normals to a Curve, 

147. The equation to the normal at any point Xy y, of a 
curve fixy y') = 0, will be 

(..-.)|.(^.,)| a, 

where u =f(x, y). Differentiating (1), considering a: as a vari- 
able parameter, of which y, — - , and — - are functional, we get 

ax ay 

, , . ( d^u J d^u , \ du J 

From (1) and (2), and the differential of the equation w = 0, 
we see that 

x' " X y' - y da? dy^ 

du du du^ d^u ^ du du d\ du^ d^u ' 

— — — 2 1 — 

dx dy dy^ dx^ dx dy dxdy da? dy^ 

the values of x'y y, the coordinates of the intersection of two 
consecutive normals, coinciding with their values obtained 
otherwise in Art. (146). 
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D1FFERENTIAJ.S OF AKEAS, VOLUMES, ARCS, AND SURFACES 



Differential of an Area. 

148. Let AB be any portion of a curve referred to rectangular 
axes Oxy Oy. Let PM, QN, be the ordinates of two points 
P, Q, of the curve, very near to each other. Let AC he the 




2t£ 2r 



ordinates of A. Draw Pit and QS, at right angles to QN 
and MP produced. Let OM = x, PM = y, ON ^ x ^- ^x, 
QN = y + Sy ; let ^ = the area ACMP, and A -\- BA ^ the 
area A CNQ. 

Then, since the area PQNM is evidently less than SQNM 
and greater than PMNM, it is plain that 

ySx <SA <(y + Sy) Sx, 

SA . 



or 



Sx 



Proceeding to the limit, when Sx and Sy become less than any 
assignable magnitudes, y -¥ Sy = y: hence ultimately, replacing 
small increments by differentials, we see that 

— T- « y, or dA = ydx 
ax 
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Differential of a Volume of Revolution. 

149. Conceive a surface to be generated by the complete 
revolution of the curve ABy in the diagram of the preceding 
Article, about the axis of x. Let V represent the volume gene- 
rated by the area ACMP, and 1^+ SF" that generated by the 
area A CNQ. Now it is shewn in ordinary treatises on Tri- 
gonometry that the area of a circle is equal to tt . (radius)'^ 
where ir is the circular measure of 180°: hence the areas of the 
circles generated by the revolution of the ordinates PJf", QN, 
will be equal to 

and therefore the volumes of the thin cylinders generated by 
the revolution of the areas PRNM, SQNM, will be equal to 

iry^Sxy IT {y + Sy)' ix. 

But it is plain that 8 F" is greater than the former and less 
than the latter of these cylinders : hence 

Trfix<hV<w{y^^yy^Xy 

sv 

or Try' < g^" < 't (y + gy/. 

Now ultimately, when Sx and Sy become less than any assign- 
able magnitudes, iry* and tt (y + Syf, the limits of the value of 

sv 

-^ , become equal to each other : hence, replacing indefinitely 

small increments by diflferentials, we have 

dV 

or dV=^ vy^dx. 

Differential of an Arc. 

150. Let the chord of the arc PQ in the figure of Art. (148) 
be denoted by c; let arc -4P = 5, arc PQ = Ss. Then 

c' = Sx' + Sy\ 
£^ &' ^ V 
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Now iiltimately, when Sx is diminished without limit, we 

know by the 7th Lemma of Newton's Principia that ^ = 1 : 

Ss 

hence, replacing infinitesimal differences by differentials, we 

have 

dx'" ^ da?' 
or ds^ = da? + dy^, 

a relation which has been already established in Art. (100). 



Differentiai of a Surface of Recolidion. 

151. Let Sf S+SSy denote the areas of the surfaces generated 
by the revolution of the arcs AP, AQy of the curve ABy about 




the axis Ox; then 8/S will represent the area of the surface 
generated by the arc PQ. From P, Q, draw Pp, Qq, parallel 
to the axis of x and each equal to the arc PQ. 

Let AP = $y PQ^ Ss, Then, if Pp, Qq, revolve about Ox 
together with the rest of the diagram, they will generate two 
thin cylinders. The length of each of these cylinders will be 
equal to the curvilinear distance between the circular ends of 
the surface generated by PQ', but the average radii of the 
circular sections of this surface will evidently be greater than 
those of the former and less than those of the latter cylinder. 
Hence it is manifest that, 27ry8s and 27r {y + Sy) is being the 
surfaces of the two cylinders, 

27ry85 < S/S < 27r (y + iy) h, 



or 



go 
27ry < gj<27r(y + Sy): 



£34 DIFFERENTIALS OF AREAS^ &C. 

but, when we proceed to the limit, by making Sy less than any 
assignable magnitude, the two quantities 27ry, 27r (y + Sy), 
become equal to each other ; hence, replacing indefinitely small 
differences by differentials, we see that 

— - = 27ry, dS= 2Tryd8, 
as 
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CHAPTER X. 



CURVES REFERRED TO POLAR COORDINATES. 



Tanffency, 

152. In this chapter we shall investigate formulae, in relation 
to curves referred to polar coordinates, analogous to those which 
in the preceding chapters have been established in regard to 
curves referred to rectilinear coordinates. We shall begin with 
the investigation of the formulae of tangency. 




Let P and Q be any two neighbouring points of a curve 
AB, Let S be the pole, and SX an indefinite straight 
line through S. Join «P, SQ, and let SP = r, L PSX = 61, 
SQ=^r + Sr, Z QSX = 61+80. Through P and Q draw the 
indefinite straight line MM' and let TT' be the tangent at P, 
which will be the ultimate position of the line MM when the 
point Q approaches indefinitely near to P. From S draw 
SYy ST, at right angles to PT, P/S, respectively: ST is called 
the subtangent at the point P. Let SY-p, ST- v, L SPT^ 0, 
Z SPM =. 0', arc AP = 5, arc PQ = &, chord PQ = c. 
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Then from the geometry it is plain that 

c sin 0' = (r + Br) sin Sfl, 
c Ss , . . «, . sin 80 ,,. 

Iia5«'"*=(^-^^^- se (^)' 

and c cos 0' + r = (/• -4- 8r) cos 80, 

sin*- 

Now ultimately, when 80 becomes less than any assignable 
quantity, 

c 8a efo , 5, sin 80 , 

sm — 

-^ - 1, cos 80 = 1 : 

hence, from (1) and (2), 

ds . 

or 8111^ = -^ (3) ; 

da , dr 

dv 
or cos = — (4). 

From (3) and (4), we have also 

tan0 = — (6). 

Adding together the squares of (3) and (4), we get 

r'rfy dr^ 

ds" '^ ds'' 



or 



ds^ = ^-'f/O' 4 rfr* (6). 
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Also SY = pr= r sin = -7- (7), 

and ST^v =r tan d,^-^ (8). 

dr 



Differential of an Area, 

153. Let P and Q be any two neighbouring points in a 
curve AB. Join SA, SP, SQ. With S as a, centre describe 




^^- 3 



two circular arcs, PP', QQ', cutting SQ and SP produced, 
respectively in P and Q. Let -4, -4 + 8-4, denote the areas 
ASP, ASQf respectively. Then it is evident that SA is 
intermediate in magnitude between the two circular sectors 
SPP, SQQ, that is, 

Ir'SeLBALKr-^-SrySe, 

ir'L^^LUr^Srf. 

But ultimately, when SO, and therefore 8r, becomes less than 
any assignable magnitude, the two quantities | r', 2 (r + Srf, 

assume a ratio of equality : hence, replacing -^ by — ^ , we 

have 

dA 

dH 






or dA^\ r'dO. 

CoR. If SA be taken as the axis of a:, and a perpendicular to 
SA through S as the axis of y, then 

X = r cos 0, y = r sin 0, 

dx = dr cos - r sin c?0, rfy - c?r sin + r cos rffl ; 
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and therefore 
whence also 



xdy - ydx = r*e/0, 
dA = \ {xdy - ydx). 



Diagram of Differentials, 

154. From any point S^ draw any line S^P^ equal to r; 
produce S^P^ to a point R^ such that Pj^i = dr. From the 
point JBj draw jRiQi at right angles to S^R^, and equal to rdO. 




Join QjiSj, QjP„ and from S^ draw /S;y;, S^T^, to meet Q^P^ 
produced, in Y,, T,, the line/SjF, being at right angles to PjTj, 
and the line S^T^ being at right angles to S^P^, Then will 

P,Q^ = ds, L S,P,T^ = 0, S, Y^ =p, S^T^ = V, area /S^P^Q, = rf^. 

The truth of this proposition is manifest from the formulae 
already established, 

sin <p , ds = rdO, cos <p , ds = dr, 

p = r sin <p, V - r tan <p, dA = \ r^dO. 

We have only to remember this diagram in order to be able 
to call to mind all the polar formulae of tangency. 



Radius of Curvature in terms of r and p. 

155. Let «// denote the angle between the tangent TP of a 
curve AB, and the line SX., 
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Then p = r sin 0, 

dp = dr sin ^ + r cos rf^ ; 

or, multiplying by ds and observing that sin ^ds = rdO, and 
cos ipds = dr, 

dpds ^ rdddr + rd<^dr = rdr (dB + d<f) = rdrdxp. 
But we know that, p denoting the radius of curvature at P, 
p = -7- ; hence rc?r 

Chord of Curvature through the Pole. 

156. Let the radius vector PS, produced if necessary, meet 

the osculating circle at P in a point p ; and let Pp = q. Then 

it is plain that 

q - 2p sin 



Hadius of Curvature in terms of r and 0. 
157* We have 

and therefore, considering dO constant, 




= '^^ \VdFTd? + V ° — ^W -T*^^'" ■ 

• This method of investigating the expression for p is given in the 
Cambridge Mathematical Journal for November, 1840. 
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Hence = — = (j^^^^_±^f ^ ^^^ "^ ^^ 



P° 



dxfj d^p de (2df' + r'rffl' - rd^r) 

dr" 



r^ + 



dV 



. ^dr" d'r 



dS" dff 

The expression for p. may be written, in a form perhaps 
rather less difficult to be remembered, 

P = 



dQ (dr' + ds' - rd'r) ' 



^volutes of Polar Curves. 

158. Let P' be the centre of curvature at any point P of 
a curve AB referred to polar coordinates. The line PP' will. 




as we know, be a tangent to the locus of P'. From S draw 
SY' at right angles to PP and join SP. Let SP' = r', SY' =/. 

rdr 



Then, since PP' = 



dp ' 



we see that r^-p'^^l— -p^ CO- 

Also jp' +p" = r' (2). 

Between these two equations and the relation between p and 
r deducible from the equation to the involute, we may elimi- 
nate p and r, and thus obtain an equation between p' and r' 
which will determine the nature of the evolute. Conversely, 



having given the equation to the e volute, or an equation 
between ^ and r', we may ehminate ^ and r' , and obtain an 
equation in p and r for the determination of the involute. 
Ex. Let jf = r' ^ a': then 

rdr 

and therefore, from (1), 

r"'=p-\ 

Also, from {2} and the proposed equation, 

/' - a\ 

p"^r"=a', 
it follows that the evolute is a circle of which the radius is a and 
of which the centre is at the pole. 

Asymptotes. 
159. An asymptote is a tangent to a cuive, at a point infinitely 
distant, which passes withm a finite distance from tke origm of 
coordinates. Let then 

/C9,p)-0 

be the polar equation to a curve. Assume p = ce, and obtain from 
this equation any corresponding value of 9, if there be any such. 
Then ascertain whether the corresponding value of the expression 

t" ■—- for the Bubtangent is finite, or infinite. If it be finite, 

a condition necessary for the existence of an asymptote, there 
will be an asymptote corresponding to the value assigned to 0. 
The asymptote wilt be constructed in the following manner. 
Pirst draw the indefinite line SP inchned at the proper angle 
to the fixed line SX : from S draw ST at right angles to SP 

and equal to the value of r* — for the particular value of B: 

through T draw a line parallel to SP ; this Hue will be an 
asymptote. If there be several values of B, when p = oc, which 

make r" y finite, there will be several asymptotes. 
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Ex. 1. To find whether the curve r = ^ has an asymptote. 
Assume r = oo : then 6 = 0. In this case 

f'dd 

" ^ = '^^ 

ar 

Hence there is an asymptote parallel to the line SX. Through 
S draw ST = a, and draw TP parallel to SX ; TP will be the 




required asymptote. Had the value of v been negative instead 
of positive, we ought to have taken ST' , at right angles to SXy 
equal to a, and drawn a line through T', parallel to SXy for 
the asymptote. The positive direction of d is indicated by the 
arrow ; we have considered only the positive values. 

Ex. 2. To find whether the curve 

a6P 



r - 



has asymptotes. 

Assume r = oo: then = + 1. 



Also 



dr 2 



and therefore 






If 8= l,t? = Ja; it 6 = - 1, «?=-^a. Hence the curve has 
two asymptotes. 

Through S draw Pp, P'p\ inclined at angles, each of a 
circular measure unity, on opposite sides of SX. Draw ST= ^ a 
at right angles to Pp, and ST^ J a at right angles to Pp'. Through 
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r, T, draw KL, K'L\ parallel respectively to Pp, Fp'. Then 




KL, K'L'y will be asymptotes. 

Asymptotic Circles, 

160. If, for any finite value a of p, d becomes infinite, the 
curve will have an asymptotic circle, that is, a circle to which, 
as keeps increasing, the curve continually approaches without 
ever actually meeting. 

Ex. 1. Take the curve 



r = 



- 1 



then, when - oo, r ^ a: when d has any finite value greater 
than unity, r is greater than a. Hence the circle of which 
r = a is the equation, is an interior asymptote, 

Ex. 2. In the case of the curve 

r = a is the equation to an exterior asymptotic circle. 

Conditions for the Concavity and Convexity of the Curve towards 

the Pole and for Points of Inflection, 

161. When the curve is concave or convex towards the pole 
in the neighbourhood of any point, it is easy to see that p in- 
creases or decreases respectively as r increases, the converse 

R 2 
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proposition being likewise true. Hence, if ^ be positive, the 

dr 

curve is concave towards the pole, and convex if it be negative. 

The expression -J- must therefore change sign as we pass 

dr 

through a point of inflection. To ascertain then a point of 

inflection we must assume 

_i_ = 0, or = 00, 
dr 

and ascertain whether any values of r, obtained from either 
of these assumptions, corresponds to a point in passing through 

which we observe a change of sign in -^^ . 

dr 



CHAPTER XL 



ON THK METHODS OF TKACINQ THE FORMS OF CURVES FROM 
THEIR EQUATIONS. 




General Principles and Examples. 

162. From any proposed equation between x and y, tlie 
coordinates of the points which constitute a curvilinear locus, 
the form of the curve may be ascertained. The following is 
a general sketch of the ordinary method of effecting this object. 
Pirst ascertain those values of x and y, if there be such, which 
render y and x respectively cither aero or infinity : we shall 
thus determine where the curve cuts the axes of coordinates 
and the positions of asymptotes parallel to them. It will fre- 
quently be desirable next to ascertain the angles at which the 
curve cuts the axes. We must then determine the position 
of those asymptotes which are not parallel to either of the 
coordinate axes. The determination of the position of maxi- 
mum or minimum ordinates and of points of inflection, as well 
as of multiple points and cusps, will give additional pre* 
to the diagram. If our object be merely to ascertain the general 
form of the curve, it is not usually necessary to determine the 
actual position of points of inflection or maximum or minimum 
ordinates, the algebraiced discussion of the equation being ordi- 
narily sufficient to give a general notion of their position. 

The method of tracing polar curves from their equations is 
similar, mutatis mutandis, to that which we have described in 
relation to curves referred to two axes of coordinates. 

Ex. 1 . To trace the curve represented by the equati 
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Obtaining y explicitly in terms of x^ we have 



y = 



cfx 



a? + ab' 



When y = 0, then a: = or = oo. Hence the curve passes 
through the origin and touches the axis of z asymptotically. 

Let = the angle at which the curve cuts the axis of x at the 
origin : then^ supposing x to be equal to zero. 



V a 
tan = ^ = ^ 



a 



X x^ -{^ ab h' 
which shews that 6 = tan'^ -r , a positive angle depending upon 



the ratio between a and i. 

Also, y is positive or negative accordingly as a; is positive 
or negative. It is evident also that so long as a? is finite y is 
finite. 

The form of the curve will therefore be such as in the sub- 
joined diagram. 




Since y is zero when x -- oo, = 0, and = + oo, it is plain that 
y must have two geometrical maxima. Their exact position 
may be found by differentiation, or thus : from the equation to 
the curve there is 

^oi?y^ - 4a^xy -^ a^ = a^ - 4aJy*, 

{2xy - ay = a* - 4aiy^ 

In order that x may be possible, the left-hand side of this 
equation must not be negative ; hence the greatest value of y, 
without reference to sign, is given by the equation 

a* - 4aiy* = 0. 
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Hence y = — , x = ab^, 

and y = ^ x^- a o , 

2i* 

determine two points P, P' of the curve, the ordinates of which 

a* 
are geometrical maxima. The value is an analytical mini- 

2i* 
mum of y, being its greatest negative value. It is easily seen 
from the general form of the curve that there must be a point 
of inflection at the origin of coordinates, and two others between 
a; = - 00, a: = 0, and a: = 0, a: = + oo. We will however prove 
this analytically, and determine the actual position of these 
points. 

Differentiating twice, we get 

dy _^ 2 cii - x^ 

d^ ' (x' + abf ' 

from this result it appears that there are three points of inflec- 
tion, one at the origin, and two others Q, Q, of which the 
coordinates are 



X = (Sabf, y = 


3^ 
4i^' 




x = -{Mbj, y=. 


3^ 

• 




46' 



and 



This curve was called the Anguinea by Newton, in conse- 
quence of its form, and is one of the seventy- two species of 
curves of the third order which he has enumerated. 

Ex. 2. To trace the curve 

x^ - axy - Vy = 0. 
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Making y explicit, we have 



When 



2; = , y =» 00 : hence 

a 

oa; + y = 



is the equation to an asymptote, AB. 
When a: = 0, y = 0, and 



y 



X 



= 0, 



X ax ^^V 

which shews that the curve touches the axis of x at the origin. 

When X has any positive value or any negative value greater 

i' . . . . . V 

than — , y is positive, being negative from x^ to a; = 0. 

a o, 

When a: = ± oc, y = + 00. This curve is one of a class to which 

the name of Trident has been given by Newton : its form ia 

indicated in the following diagram. 




Ex. 3. To trace the curve 

\x + of {V - ^) 



f- 



X' 



a being supposed to be less than b. 

When a: = + or =-0, y = ±oo, which shews that the axis 
of y is an asymptote. When x = -a^ y=0; when x=±h^ y = 0. 
If X have a greater value than J, without reference to sign, 
y will be impossible. For each value of x, there will be two 
equal values of y with opposite signs, which shews that the 
curve is symmetrical with relation to the axis of x. 
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Let a, )8, be the angles at which the curve cuts the axis 
of Xy viz. when a; = - a, or = + 6 respectively : then 

tan' a = limit of - — ^ — -. , when a: = - a, 

{x -^ ay ^ 



= limit of 



V - a:' y - a' 



.8 * 



which determines two equal values for a with opposite signs. 

Also tan' B =» limit of --^- — z , when x =±b. 

(b + a:)' 

. luait of (^±^J^ 

a:' (6 + a:) 

= 00 , 



which shews that fi = 



TT 



This curve is the Conchoid of Nicomedes : its general form is 
indicated in the following diagram, where OA =a, OB = 0J5'= b. 




If a had been supposed to be greater than b, the curve 
would have had the following form, the point A being a 
conjugate point. 
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If a = J, the curve will have the following form, there being 
a cusp at B, 




Ex. 4. To trace the Cissoid of Diodes from its equation 



y"- 



a - X 



If X be negative or greater than a, y is impossible. Jf x == a, 
then y = ± 00 , and therefore x = ais the equation to an asymptote. 
Since for each value of x there are two equal values of y with 
opposite signs, it foUows that the curve must be symmetrical 
in regard to the axis of x. Also, when a: = 0, 



X 



X 



a - X 



= 0, 



and therefore there is a cusp at the origin. The form of the 
curve is the following. 

y 



o 



a> 



Ex. 5. To trace the Lemniscata of James Bernoulli from 

its equation 

(x'-^yj = a'(x'~^y'). 

This may be effected most readily by transforming the equa- 
tion to polar coordinates. Thus, putting x = r cos 0, y = r sin 0, 
the equation becomes 

r^ = a^ (cos^ - sin' 0) = a^ cos 20. 
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When & = 0, r = ± a, which shews that the curve cuts the 
axis of X at two points A^ A^ equidistant from 0, When 

= — , r = 0, and when > — and < — , r is impossible. 
4 4 4 

For each value of 0, r has two equal values with opposite signs, 

and T has the same values when - is substituted for + 0. 

The curve is therefore symmetrical in regard to both axes 

of coordinates. 



Also 



2 log r = 2 log a + log cos 20, 

dr - 2 sin 2© 
VM cos 20 ' 



/•-— = - cot 20 = 00 , when 0=0. 
dr 

Hence the curve cuts the axis of x at right angles at A 
and A, The form of the curve is exhibited in the diagram 




so 



Ex. 6. To trace the semi-cubical parabola, of which the 
equation is ^^ ^ ^ 

Its form is the following. 




Ex. 7. To trace the logarithmic curve of James Gregorie, 
of which the equation is 

y = «*. 

The form of the curve is expressed in the diagram, Ox or 
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Ox being the positive direction of the axis of x accordingly 
as a is greater or less than unity. 




Ex. 8. To trace the Quadratrix of Tschirnhausen from it* 



equation 



. trx 
y = sm — 
^ 2 



When a: = 2\ + 1, \ being any integer, 

y = sin < (2\ + 1) - I = cos trX = (- 1)\ 

which shews that y is equal to + 1 when x has any one of the 
series of values 1, 5, 9, ... , and to - 1, when x has any one of 
the series of values 3, 7, 11, ... . 

Also, when x = 2\, \ being any integer, 

y = sin Xtt = 0, 

or the curve cuts the axis of x at distances 

• • • • — U, — 4, — Jly U, Zf 4, D, • • • • 

from the origin of coordinates. 
Also, when y = 0, or ;?: = 2X, 

dy TT TTX w , , x> 

^ = _ cos — = - (- 1)\ 
dx "1 2 2 ^ ^ ' 

and therefore the angles at which the curve cuts the axis of x 
are equal and alternately positive and negative. We may 
remark also that, when « = 2\ + 1, 

-J^ = — cos I - + Xtt I = 0, 
dx 1 \1 I 

or the tangent is parallel to the axis of x. 
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The form of the curve, from the preceding conclusions^ is 
evidently the following, being infinite both in the positive 
and in the negative direction of the axis of x. 




Ex. 9. To trace the Versiera or Witch of Donna Maria 
Agnesi from its equation 

xy^ =^ a^(a - x). 



There are two points of inflection corresponding to the value 
^a o{ X, 

Ex. 10. To trace the Quadratrix of Dinostratus from its 



equation 



y = (a - x) tan — . 



This curve cuts the axis of a: at a series of points, the 
distances of which from the origin are represented by the 




expression 2Xa, where \ is any integer, positive or negative. 
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It has also a series of asymptotes parallel to the axis of y, and 
at the general distance (2X+ I) a from the origin, X being 
any integer positive or negative, but not zero. 

Ex. 11. To trace the Cardioid from its polar equation 

r = a (1 - cos 0). 

It is evident that, as 6 increases from to tt, r increases 
from to 2a ; and that the expression for r remains unaltered 
when - is substituted for + 6. Also 

log r = log a + log (1 - cos 6), 

dr sin 



and therefore 



rd9 


1 - cos 


e' 


dO 

f . .. ■ 


1 - cos 


e 


dr 


[sin 




= 


, e 

tan - 
2 





= 0, when 0=0, 

= 00 , when = tt. 

Hence the form of the curve must be such as that exhibited 
in the diagram, there being a ceratoid cusp at the origin of 
polar coordinates. • 




Ex. 12. To trace the spiral of Conon or Archimedes from 
its equation ^ ^ ^g 

The dotted line in the figure indicates that portion of the 
curve which is due to the negative values of 0. 
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Ex. 13. To trace the Logarithmic Spiral of Descartes from 

its equation t 

r = Cf'^ , 




35 



This curve is called also the Equiangular Spiral^ because it 
cuts all its radii at the same angle : in fact 

log r = log c + - , 

a 

dr \ rdO 

— ^ = - , — ;— = a, a constant quantity. 

raO a dr -x j 

Ex. 14. To trace the Lituus from its equation 

This curve touches Ox asymptotically, and approaches by 
an infinite number of circumvolutions. 




For methods of constructing geometrically the curves which 
have been above considered, and deducing their equations from 
their geometrical properties, which is the converse of the course 
which we have adopted, as well as for historical information 
respecting them, the student is referred to Peacock's or 
Gregory's Examples. 

Ex. 15. To trace the curve represented by the equation 

a:* + y* = c^xy. 

It is evident that x and y must have the same sign : hence 
the curve can lie only in two quadrants. In the neighbourhood 
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of the origin^ neglecting small quantities of higher orders than 
the second^ we have 

which shews that the axes of x and y are both touched by a 
branch passing through the origin. If - a: and - y be written 
for X and y, the equation is not altered, and therefore the curve 
is the same in both quadrants. It is impossible for either xor y 
to be infinite, since x*' + y* would then be a positive quantity 
of an infinitely higher order of magnitude than €^xy. The curve 
must therefore be of the form 





a? 



Ex. 16. To trace the curve represented by the equation 

;»* + y* = 2axy^, 
At the origin there is 

which shews that the axis of x is touched by two branches and 
the axis of y by one branch of the curve. It is evidently impos- 
sible for X to have a negative value. The curve is symmetrical 
with respect to the axis of x, because its equation remains the 
same when - y is substituted for + y. Neither x nor y can be 
infinite, since a:* + y* would then be infinite compared with 
2axy^, 

Hence the curve must be of the form 
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Homogeneous Curves. 

163. Curves represented by equations of the form 

w = c, 

where w is a homogeneous function of x and y, and wher6 
c is a constant quantity, may be traced very conveniently 
by assuming y = tx, and obtaining x and y in terms of t : 
a series of values must be assigned to t^ and the corresponding 
values of x and y must be tabulated. It is desirable, however, 
first to ascertain whether there be any asymptotes by the 
method of Art. (110), Chap. II. 

Ex. 1. To trace the curve 

x^y - a:y' = a*. 

Putting X = —y y = ^ > we get 

T r 



BJi 



\> - \/ir = oV 



(1), 



and 



^ (SX* _ ^*) $^ - X (5/** - V) ^ = 6a'/' .... (2). 



From (1) we see that 

(X) (m) {(X)* - C/*)*} = 0, 

and, from (2), 



(/^) {5 (X)* - (m)*} (§) - (X) (5 W - (X)*} ^^) = 0. 




= 



Hence we have the four systems 

t) = » 

(X) + (/*)= 

S) * (f ^ - » 

Hence, from the equation 



(X) = (/*) 
dr] \dr 



= 



(X)y'-(^).' = (X)(^)-(^)(J), 



258 



ON THB METHODS OF TRACING 



we obtain four asymptotes to the curve, represented by the 
equations 

X = 0, y' = 0, y' - a;' = 0, y* + a?' = 0. 



Again, putting y = tXy we see that 



a 



ta-fy 






and therefore, observing that the ratio of y to :>; must be always 
of the same sign as t, we have the following table of cor- 
responding values : 



t 


X 


V 


+ 


+ 00 


+ 


+ 


- 00 


-0 


1 -0 


+ 00 


+ 00 


1-0 


- 00 


- 00 


- 00 


+ 


- 00 


- 00 


-0 


+ 00 


- (1 + 0) 


+ 00 


- 00 


- (1 + 0) 


- 00 


+ 00 



The form of the curve will therefore be the following. 
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Ex. 2. To trace the curve 




Tlie Oycloid, 

164. As an example of deducing the equation to a curve 
from its geometrical definition, which is exactly the converse 
of tracing a curve from its equation, we will investigate the 
equation to the cycloid from the nature of its generation. 



J£ 




Let C be the centre of a circle in contact at A with the 
straight line HK, Let be the extremity of the diameter 
through A. Suppose this circle to roll, without sliding, along 
HK', the point of the circumference will then trace out 
a curve OPK^ which is called the Cycloid. Let OAx be 
taten as the axis of x, and Oy, at right angles to OA, as 
the axis of y. Suppose that, when has arrived at a point P 
of the cycloid, the circle has revolved about its centre through 
an angle 0; then its centre must have advanced, parallel to 
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HKy through a space ady a being the radius of the circle : 
for, since the circle rolls without sliding, it follows that the 
velocity of its point of contact, parallel to KH, due to its 
rotation about (7, must be equal to the velocity of its point 
of contact, parallel to HK, due to the translation of C, 

From C draw C7Q, mating lOCQ^H: draw MQ at right 
angles to AO^ and produce MQ to P, making QP equal 
to aO, Then Q will be the position into which O would be 
carried by the rotation alone, QP being its additional progress 
due to the translation of C. Let 0M==^ x, PM= y. Then 

X = OC - CM = a - a cos 6 = a (1 - cos 0), 
and y = PQ + QM = a6 + a sin 6 = a (6 + sin 0) : 

eliminating 0, we shall get 

y = a vers"* - + {2ax - x^) , 

which is the equation to the cycloid. 

The curve will evidently be symmetrical on both sides of the 
axis of x: for if we put - 6 for 0, we see that y retains the 
same magnitude with an opposite sign, and x remains entirely 
unchanged. 

If = TT, y = AK= ira = AH. Also arc OQ^aO^ PQ. 

If for B we write 2X7r +6, \ being any integer whatever, the 
expression a(l - cos 6) remains unchanged, while a (0 + sin 0) 
receives an increment 2X7ra. This shews that the two equa- 
tions between 0, x, y, represent a series of similar, equal, and 
similarly situated cycloids, with their vertices arranged along 
the axis of y, both in the positive and negative directions, at 
intervals of 2Tta. 

Tangent and Normal to the Cycloid, 

165. The general equation to the tangent of a curve is 

x'dy - y'dx - xdy - ydx : 
this equation becomes, for the cycloid, 

X (1 + cos d) - y sin = (1 - cos B) (1 + cos 0) - (0 + sin B) sin B 

= - sin 0. 
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If be the inclination of the tangent to the axis of x, then 

dy 1 + cos sin 

tan A = -f- = ; J. = j: , 

ax sin ^ 1 - cos U 

a result which shews that the tangent at P is parallel to the 
chord OQy and that consequently the normal at P is parallel to 
the radius CQ. 

Arc of the Cycloid, 

166. Diflferentiating the formulae for x and y, we get 
rf«* = rfa;*+dy'=a'sin'erfff + a*(l + cos OJ dOf 

= 2aW0' . 1 + cos 0) 

_ 2a' sin^ Ode" 
1 - CCS 

_ 2adx^ 

X 

ds = ( — J dx, s = {Sax) , 

or 5* = Sax, 

Let c = the chord of the arc OQ; then, by the nature of the 

circle, 

c' = 2ax : 

hence s^ = 4c*, 

or arc OP = 2 chord OQ. 

Raditts of Curvature of the Cycloid, 

167. By Art. (132), we have 

, {dx' + rfy7 

Taking as the independent variable, 

dx - a sin OdB, d^x = a cos 06?6', 

dy =: a (I + cos 0) c?0, rf^y = - a sin 9dff^ : 
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hence dof -v dx^ ^ 2a^d8^ (1 + cos 0), 

dxd^y - dyd'x « - a^dff" (1 + cos 0); 

and therefore 

.p' = 8a' (1 + cos 0) = 8a (2a - x). 

Eoolute of the Cycloid. 

168. If a, /3, be the coordinates of any point of the e volute, 
then, by Art (136), 

adx + j3rfy = xdx + ydy^ 
and arf'a; + j3rf'y = a;e?'a: + yrf'y + daf + rfy*. 

From these two equations there is 

a (dxd^y - dyd^x) = a: {dxd^y - dyd^x) - dy (da^ + rfy')...(l), 
and j3 (dyd^x - dxd^y) = y (dyd^x - dxd^y) - rfa: (rfy* + cfe')...(2). 

From (1) we have, expressing a: and y in terms of d, 
-a(l + cos 0) = - a(l- cos 0)(l + co8 0)-a(l + cos0).2(l+cosO), 
hence a = a (1 - cos 6) + 2a (1 + cos 0) = a (3 + cos 0% 

or a - 2a = a (1 + cos 6) (3). 

From (2), we have 
)3 (1 + cos 6) = a (0 + sin 0) (1 + cos 0) - sin . 2a (1 + cos fl), 
or )3 = a (0 + sin 0) - 2 sin = a (0 - sin 0). . . .(4). 

Putting = ^ ± TT in (3) and (4), we have 

a - 2a = a (1 - cos 0) (5), 

and j3 = a (0 ± TT + sin ^), 

or j3 + Tra = a (^ + sin 0) (6). 

If we now change the origin to a point 2a, + wa, by putting 
a = a + 2a, j3 = j3' ± Tra, in (5), (6), we get 

u' = a (1 - cos 0) (7), 

and /3' = a (0 + sin 0) (8). 



« 
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These results shew that the evolute of the cycloid HOK is 
a portion of the locus consisting of the infinite series of cycloids 




denoted by the equations (7) and (8). Two of this series have 
their vertices at jffand K, and their point of junction (7, where 
they form a cusp, in the line OA produced, AO being equal to 
AO. It is evident that each of the cycloidal evolutes is similar, 
and equal to the original cycloid, and similarly situated. HOK 
is evidently the portion of the locus of (7) and (8) which con- 
stitutes the evolute of HOK. 



THE END. 
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